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Abstract

We will present conditions for the Fredholm property of Wiener-Hopf plus
and minus Hankel operators with different Fourier matrix symbols in the C∗-
algebra of piecewise almost periodic elements. In addition, under such condi-
tions, we will obtain a formula for the sum of the Fredholm indices of these
Wiener-Hopf plus Hankel and Wiener-Hopf minus Hankel operators. These
results are useful for the treatment of different problems from Mathematical-
Physics (e.g., in wedge diffraction problems).
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1. Introduction

The analysis of solvability of different types of mathematical-physics problems can be

equivalently reformulated by corresponding problems of analyzing the invertibility and

Fredholm property of Wiener-Hopf plus and minus Hankel operators with piecewise

almost periodic Fourier symbols. This is particularly evident in several examples of

wave diffraction problems where an operator theoretical machinery can be applied in

order to produce the indicated equivalent formulation (see, e.g., [4, 6, 7, 10, 11, 14]).

Having this motivation in mind, the present paper is devoted to the Fredholm analysis

of matrix Wiener-Hopf plus/minus Hankel operators of the form

WΦ1 ±HΦ2 : [L2
+(R)]N → [L2(R+)]

N (N ∈ N), (1)

withWΦ1 andHΦ2 being matrix Wiener-Hopf and Hankel operators defined byWΦ1 =

r+F−1Φ1 · F and HΦ2 = r+F−1Φ2 · FJ , respectively. As about additional notation,

for a Banach algebra B, we denote by BN×N the Banach algebra of all N × N

matrices with entries in B, and BN will denote the Banach space of all N dimensional

vectors with entries in B. We use [L2
+(R)]N to denote the subspace of [L2(R)]N
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formed by all the matrix functions supported on the closure of R+ = (0,+∞), r+
represents the operator of restriction from [L2

+(R)]N into [L2(R+)]
N , F denotes the

Fourier transformation, J is the reflection operator given by the rule Jφ(x) = φ̃(x) =

φ(−x), x ∈ R, and Φ1, Φ2 ∈ [L∞(R)]N×N are the Fourier matrix symbols.

The main purpose of the present work is to obtain conditions which will charac-

terize the situation when WΦ1 +HΦ2 and WΦ1 −HΦ2 are at the same time Fredholm

operators, and to present a formula for the sum of their Fredholm indices. It is clear

that it is possible to occur that WΦ1 ±HΦ2 will not be Fredholm at the same time.

However, the method which we will be using does not provide independent Fredholm

information for these two types of operators. Anyway, simultaneous Fredholm in-

formation about Wiener-Hopf plus Hankel and Wiener-Hopf minus Hankel operators

is already very useful in the applications mentioned above (as it can be seen in [4]

in a particular case). Our results will be obtained for different matrices Φ1 and Φ2

in the class of piecewise almost periodic elements. In particular, the present results

generalize several previous results (cf. the results in [2, 3, 5, 9, 12, 13]).

2. Auxiliary notions and results

In view of defining the piecewise almost periodic functions, we will first consider the

algebra of almost periodic functions.

The smallest closed subalgebra of L∞(R) that contains all the functions eλ (λ ∈
R), where eλ(x) = eiλx, x ∈ R, is denoted by AP and called the algebra of almost

periodic functions AP := algL∞(R){eλ : λ ∈ R}. We will be also using AP+ :=

algL∞(R){eλ : λ ≥ 0} and AP− := algL∞(R){eλ : λ ≤ 0}. All AP functions have a

well-known mean value which existence may be formulated as in the next proposition.

Proposition 2.1 (cf. [1], Proposition 2.22.) Let A ⊂ (0,∞) be an unbounded set

and let {Iα}α∈A = {(xα, yα)}α∈A be a family of intervals Iα ⊂ R such that |Iα| =
yα − xα → ∞ as α→ ∞. If φ ∈ AP , then the limit

M(φ) := lim
α→∞

1

|Iα|

∫
Iα

φ(x) dx

exists, is finite, and is independent of the particular choice of the family {Iα}.

For any φ ∈ AP , the number M(φ) given by Proposition 2.1 is called the Bohr

mean value or simply the mean value of φ. In the matrix case the mean value is

defined entry-wise.

Let C(Ṙ) (with Ṙ = R ∪ {∞}) denote the set of all (bounded and) continu-

ous functions φ on the real line for which the two limits φ(−∞) := limx→−∞ φ(x),

φ(+∞) := limx→+∞ φ(x) exist and coincide. The common value of these two limits

will be denoted by φ(∞). In addition, consider the C∗-algebra of all bounded piece-

wise continuous functions on Ṙ denoted by PC or PC(Ṙ) as being the algebra of
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all function φ ∈ L∞(R) for which the one-sided limits φ(x0 − 0) = limx→x0−0 φ(x),

φ(x0 + 0) = limx→x0+0 φ(x) exist for each x0 ∈ Ṙ. We will be also using C(R) :=

C(R) ∩ PC(Ṙ), where C(R) is the usual set of continuous functions on the real line.

Furthermore, PC0 will represent the sub-class of PC of all piecewise continuous func-

tions φ for which φ(±∞) = 0.

As above mentioned, we will deal with Fourier symbols from the C∗-algebra of

piecewise almost periodic elements which is defined as follows.

Definition 2.1 The C∗-algebra PAP of all piecewise almost periodic functions on R
is the smallest closed subalgebra of L∞(R) that contains AP and PC:

PAP = algL∞(R){AP,PC}.

We will use the notation GB for the group of all invertible elements of a Banach

algebra B. The following proposition is the matrix version of a corresponding result

for the scalar case (cf. [1, Proposition 3.15]).

Proposition 2.2 (a) If Φ ∈ PAPN×N , then there are uniquely determined func-

tions Θℓ, Θr ∈ APN×N and Φ0 ∈ PCN×N
0 such that

Φ = (1− u)Θℓ + uΘr +Φ0, (2)

where u ∈ C(R), u(−∞) = 0 and u(+∞) = 1.

(b) If Φ ∈ GPAPN×N , then there exist an invertible semi-almost periodic element

Θ ∈ GSAPN×N and an invertible piecewise continuous element Ξ ∈ GPCN×N

(such that Ξ(−∞) = Ξ(+∞) = IN×N ), which allow the construction of a fac-

torization

Φ = ΘΞ, (3)

and WΦ = WΘWΞ +K1 = WΞWΘ +K2 with compact operators K1, K2. The

almost periodic representatives of Θ are the functions Θℓ and Θr of part (a).

Let us now recall the so-called right and left AP factorizations.

Definition 2.2 A matrix function Φ ∈ GAPN×N is said to admit a right AP factor-

ization if it can be represented in the form

Φ(x) = Φ−(x)D(x)Φ+(x) (4)

for all x ∈ R, with
Φ− ∈ GAPN×N

− , Φ+ ∈ GAPN×N
+ , (5)

and D is a diagonal matrix of the form D(x) = diag[eiλ1x, . . . , eiλNx], λj ∈ R. The
numbers λj are called the right AP indices of the factorization. A right AP factor-

ization with D = IN×N is referred to be a canonical right AP factorization.
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It is said that a matrix function Φ ∈ GAPN×N admits a left AP factorization if

instead of (4) we have Φ(x) = Φ+(x)D(x)Φ−(x) for all x ∈ R and Φ± and D having

the same property as above.

Note that from the above definition it follows that if an invertible almost peri-

odic matrix function Φ admits a right AP factorization, then Φ̃ admits a left AP

factorization, and also Φ−1 admits a left AP factorization.

The vector containing the right AP indices will be denoted by k(Φ), i.e., in the

above case k(Φ) := (λ1, . . . , λN ). If we consider the case with equal right AP indices

(k(Φ) := (λ1, λ1, . . . , λ1)), then the matrix d(Φ) := M(Φ−)M(Φ+) is independent of

the particular choice of the right AP factorization. In this case, this matrix d(Φ) is

called the geometric mean of Φ.

In order to relate operators and to transfer certain operator properties between

the related operators, we will be also using the notion of equivalence after extension

for bounded linear operators.

Definition 2.3 Consider two bounded linear operators T : X1 → X2 and S : Y1 →
Y2, acting between Banach spaces. We say that T is equivalent after extension to S

if there are Banach spaces Z1 and Z2 and invertible bounded linear operators E and

F such that diag[T, IZ1 ] = E diag[S, IZ2 ] F, where IZ1 , IZ2 represent the identity

operators in Z1 and Z2, respectively. This relation between T and S will be denoted

by T
∗∼ S.

It is clear that if T is equivalent after extension with S, then T and S have the

same Fredholm regularity properties (i.e., the properties that directly depend on the

kernel and on the image of the operator). It is known (cf., e.g., [8]) that such kind

of operator relation holds for a diagonal operator constructed with our Wiener-Hopf

plus and minus Hankel operators and a corresponding pure Wiener-Hopf operator.

Namely, considering Φ1,Φ2 ∈ G[L∞(R)]N×N , then

DΦ1,2 := diag [WΦ1 +HΦ2 ,WΦ1 −HΦ2 ] : [L
2
+(R)]2N → [L2(R+)]

2N (6)

is equivalent after extension to the Wiener-Hopf operator

WΨ : [L2
+(R)]2N → [L2(R+)]

2N

with Fourier symbol

Ψ =

Φ1 − Φ2Φ̃
−1
1 Φ̃2 −Φ2Φ̃

−1
1

Φ̃−1
1 Φ̃2 Φ̃−1

1

 . (7)

3. The Fredholm property

In the present section we will work out characterizations for the Fredholm property

of WΦ1
+HΦ2

and WΦ1
−HΦ2

, with possible different symbols Φ1, Φ2 ∈ PAPN×N .
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3.1. General Case

We start by recalling a Fredholm characterization for Wiener-Hopf operators with

PAP matrix Fourier symbols having lateral almost periodic representatives admitting

right AP factorizations.

Theorem 3.1 (cf., e.g., [1, Theorem 3.16]) Let Φ ∈ PAPN×N . If Φ /∈ G[PAP ]N×N ,

then WΦ is not semi-Fredholm. Assume now that Φ ∈ GPAPN×N and Φℓ and Φr
admit a right AP factorization. Then the Wiener-Hopf operator WΦ is Fredholm if

and only if:

(i) The almost periodic representatives Φℓ and Φr admit canonical right AP factor-

izations, i.e. with k(Φℓ) = k(Φr) = (0, . . . , 0);

(ii) sp(d−1(Φr)d(Φℓ)) ∩ (−∞, 0] = ∅;

(iii) sp(Φ−1(x− 0)Φ(x+ 0)) ∩ (−∞, 0] = ∅, for all x ∈ R.

Using the knowledge of Proposition 2.2, if follows that if Ψ ∈ GPAP 2N×2N then

this matrix function admits the following representation

Ψ = (1− u)Ψℓ + uΨr +Ψ0, (8)

where Ψℓ,r ∈ GAP 2N×2N are defined for the particular Ψ in (7) by

Ψℓ =

Φ1ℓ − Φ2ℓΦ̃
−1
1r Φ̃2r −Φ2ℓΦ̃

−1
1r

Φ̃−1
1r Φ̃2r Φ̃−1

1r

 (9)

and

Ψr =

Φ1r − Φ2rΦ̃
−1
1ℓ Φ̃2ℓ −Φ2rΦ̃

−1
1ℓ

Φ̃−1
1ℓ Φ̃2ℓ Φ̃−1

1ℓ

 (10)

(with Φ1ℓ, Φ1r and Φ2ℓ, Φ2r being the local representatives at ∓∞ of Φ1 and Φ2,

respectively), u ∈ C(R), u(−∞) = 0, u(+∞) = 1, Ψ0 ∈ [PC0]
2N×2N .

From (9) it follows that

Ψ̃−1
ℓ =

 Φ̃−1
1ℓ Φ̃−1

1ℓ Φ̃2ℓ

−Φ2rΦ̃
−1
1ℓ Φ1r − Φ2rΦ̃

−1
1ℓ Φ̃2ℓ

 . (11)

Therefore, we obtain that

Ψr =

[
0 IN

IN 0

]
Ψ̃−1
ℓ

[
0 IN

IN 0

]
. (12)

These representations, and the above relation between the operator DΦ1,2 and the

pure Wiener-Hopf operator, lead to the following characterization in the case when

Ψℓ admits a right AP factorization.
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Theorem 3.2 Let Ψ ∈ GPAP 2N×2N , and assume that Ψℓ admits a right AP factor-

ization. In this case, the Wiener-Hopf plus and minus Hankel operators WΦ1 +HΦ2

and WΦ1 − HΦ2 are both Fredholm if and only if the following three conditions are

satisfied:

(j) Ψℓ admits a canonical right AP factorization, i.e., k(Ψℓ) = (0, . . . , 0);

(jj) sp[Hd(Ψℓ)] ∩ iR = ∅, where H :=

[
0 IN

IN 0

]
;

(jjj) sp[HΨ(−x+ 0)HΨ(x+ 0)] ∩ (−∞, 0] = ∅, for all x ∈ R.

Proof. Assume that Ψ ∈ GPAP 2N×2N with Ψℓ admitting a right AP factorization.

If the Wiener-Hopf plus and minus Hankel operators WΦ1 + HΦ2 and WΦ1 − HΦ2

are both Fredholm operators then WΨ is also Fredholm due to the equivalence after

extension relation. Employing Theorem 3.1 we obtain that Ψℓ and Ψr admit canonical

right AP factorizations,

sp(d−1(Ψr)d(Ψℓ)) ∩ (−∞, 0] = ∅, (13)

and

sp(Ψ−1(x− 0)Ψ(x+ 0)) ∩ (−∞, 0] = ∅. (14)

A canonical right AP factorization of Ψℓ can be normalized into

Ψℓ = θ−Λθ+, (15)

where θ± have the same factorization properties as the original lateral factors of the

canonical factorization but with M(θ±) = I, and where Λ := d(Ψℓ). From (12) and

(15) we derive that Ψr = HΨ̃−1
ℓ H = Hθ̃−1

+ Λ−1θ̃−1
− H which shows that

d(Ψr) = HΛ−1H (16)

and therefore

d−1(Ψr) = HΛH. (17)

In this way, we conclude that sp[d−1(Ψr)d(Ψℓ)] = sp[HΛHΛ] = sp[(HΛ)2]. Thus,

(13) turns out to be equivalent to sp[(HΛ)2]∩(−∞, 0] = ∅ which leads to sp[HΛ]∩iR =

∅ and therefore, the proposition (jj) is satisfied.

Observing now that Ψ−1 = HΨ̃H, we conclude that

sp[HΨ̃H(x− 0)Ψ(x+ 0)] = sp[HΨ̃(x− 0)HΨ(x+ 0)]

= sp[HΨ(−x+ 0)HΨ(x+ 0)].

It follows that (14) is equivalent to sp[HΨ(−x+ 0)HΨ(x+ 0)] ∩ (−∞, 0] = ∅.
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Let us now assume that propositions (j)-(jjj) hold and prove thatWΦ1
±HΦ2

are both

Fredholm operators. The left and right representatives of Ψ are given by (9) and (10).

Since Ψℓ admits a canonical right AP factorization then Ψ−1
ℓ admits a canonical left

AP factorization and Ψ̃−1
ℓ admits a canonical right AP factorization. Therefore,

HΨ̃−1
ℓ H = Ψr admits a canonical right AP factorization. These two canonical right

AP factorizations and condition (jj) imply that sp(d−1(Ψr)d(Ψℓ)) ∩ (−∞, 0] = ∅.
Condition (jjj) allows us to conclude that sp[Ψ−1(x− 0)Ψ(x+ 0)] ∩ (−∞, 0] = ∅. All

these facts together with Theorem 3.1 give us that WΨ is a Fredholm operator. Using

the equivalence after extension relation, we obtain that the Wiener-Hopf plus and

minus Hankel operators WΦ1 +HΦ2 and WΦ1 −HΦ2 are both Fredholm operators.

3.2. The case of Φ1 = ±Φ2

Let Φ2 ∈ GPAPN×N and consider Φ1 = ±Φ2. In this case, Ψ takes the form

Ψ =

 0 ∓ Φ2Φ̃
−1
2

±IN ± Φ̃−1
2

 = ±

 0 −Φ2Φ̃
−1
2

IN Φ̃−1
2


and

WΨ = ± r+F−1

[
Φ2Φ̃

−1
2 0

0 IN

]
Fℓ0r+F−1

[
0 −IN

IN Φ̃−1
2

]
F ,

which shows an explicit equivalence after extension relation betweenWΨ andW
Φ2Φ̃

−1
2

and therefore,

DΦ1,2

∗∼W
Φ2Φ̃

−1
2

. (18)

From Theorem 2.2, if Φ2 ∈ PAPN×N , then this matrix function admits the following

representation

Φ2 = (1− u)Φ2ℓ + uΦ2r +Φ20 (19)

(with Φ20 ∈ [PC0]
N×N ) and

Φ2Φ̃
−1
2 = [(1− u)Φ2ℓ + uΦ2r +Φ20][(1− ũ)Φ̃2ℓ + ũΦ̃2r + Φ̃20]

−1.

Therefore, (Φ2Φ̃
−1
2 )ℓ = Φ2ℓΦ̃

−1
2r , (Φ2Φ̃

−1
2 )r = Φ2rΦ̃

−1
2ℓ . Through a similar proof of

that one of the Theorem 3.1, we obtain the next result.

Corollary 3.1 Let Φ1,Φ2 ∈ GPAPN×N such that Φ1 = ±Φ2 and assume that

Φ2ℓΦ̃
−1
2r admits a right AP factorization. In this case, the Wiener-Hops plus and

minus Hankel operators W±Φ2 +HΦ2 and W±Φ2 −HΦ2 are both Fredholm operators

if and only if the following three conditions are satisfied:
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(i) Φ2ℓΦ̃
−1
2r admits a canonical right AP factorization;

(ii) sp[d(Φ2ℓΦ̃
−1
2r )] ∩ iR = ∅;

(iii) sp[Φ2(−x+ 0)Φ−1
2 (x− 0)Φ2(x+ 0)Φ−1

2 (−x− 0)] ∩ (−∞, 0] = ∅, for all x ∈ R.

4. Index formula

In the present section we will be concentrated in obtaining a Fredholm index formula

for DΦ1,2 , i.e., for the sum of Wiener-Hopf plus/minus Hankel operators WΦ1 ±HΦ2

with different Fourier symbols Φ1,Φ2 ∈ GPAPN×N such that Ψℓ admits a right AP

factorization. For that purpose, taking into account that PAP = SAP + PC0,

we will first recall some known properties of Wiener-Hopf plus Hankel operators with

symbols in SAP and with symbols in PC. Within this context, let us assume that

WΦ1 +HΦ2 and WΦ1 −HΦ2 are Fredholm operators.

Let GSAP0,0 denote the set of all functions φ ∈ GSAP for which k(φℓ) = k(φr) =

0. To define the Cauchy index of φ ∈ GSAP0,0 we need the next lemma.

Lemma 4.1 [1, Lemma 3.12] Let A ⊂ (0,∞) be an unbounded set and let {Iα}α∈A =

{(xα, yα)}α∈A be a family of intervals such that xα ≥ 0 and |Iα| = yα − xα → ∞, as

α→ ∞. If φ ∈ GSAP0,0 and argφ is any continuous argument of φ, then the limit

1

2π
lim
α→∞

1

|Iα|

∫
Iα

((argφ)(x)− (argφ)(−x))dx (20)

exists, is finite, and is independent of the particular choices of {(xα, yα)}α∈A and

argφ.

The limit (20) is denoted by indφ and is usually called the Cauchy index of φ.

The following theorem provides a formula for the Fredholm index of matrix Wiener-

Hopf operators with SAP Fourier symbols.

Theorem 4.1 [1, Theorem 10.12] Let Φ ∈ SAPN×N . If the almost periodic repre-

sentatives Φℓ,Φr admit right AP factorizations, and if WΦ is a Fredholm operator,

then

IndWΦ = −ind[detΦ]−
N∑
k=1

(1
2
−
{1
2
− 1

2π
arg ξk

})
(21)

where ξ1, . . . , ξN ∈ C\(−∞, 0] are the eigenvalues of the matrix d−1(Φr)d(Φℓ) and

{·} stands for the fractional part of a real number. Additionally, when choosing arg ξk
in (−π, π), we have IndWΦ = −ind[detΦ]− 1

2π

∑N
k=1 arg ξk.

Let us now consider Φ ∈ PCN×N and recall its auxiliary extension Φ# defined by

Φ#(x, µ) := (1− µ)Φ(x− 0) + µΦ(x+ 0), (x, µ) ∈ Ṙ× [0, 1].



Wiener-Hopf plus and minus Hankel operators with piecewise almost periodic symbols 107

The function detΦ# : Ṙ × [0, 1] → C will play an important role in the Fredholm

index study. Note that set C := {detΦ#(x, µ) ∈ C : x ∈ R, µ ∈ [0, 1]} is a closed

continuous curve obtained from Φ by joining detΦ#(x− 0) to detΦ#(x+0) through

a line segment at the discontinuity points of detΦ. If 0 /∈ C, then the winding number

of C with respect to the origin (denoted in this case by arg[detΦ#]) is defined as

the counter-clockwise circuits around the origin performed by the image of detΦ#.

Suppose detΦ#(x, µ) ̸= 0 for all (x, µ) ∈ R × [0, 1] which implies that Φ(x − 0) and

Φ(x+ 0) are invertible for all x ∈ Ṙ. Moreover, assume that the set

∆Φ := {x ∈ Ṙ : Φ(x− 0) ̸= Φ(x+ 0)}

is finite. For a connected component ℓ of Ṙ\∆Φ we define indℓΦ as (2π)−1 times the

increment of any continuous argument of detΦ on ℓ. Taking into account the possible

jump at infinity, the winding number of C can be given by:

arg[detΦ#] = ind[detΦ#] +
N∑
k=1

(1
2
−
{1
2
− 1

2π
arg ξk(∞)

})
, (22)

where

ind[detΦ#] =
∑
ℓ

indℓ[detΦ] +
∑
x∈∆Φ

N∑
k=1

(1
2
−
{1
2
− 1

2π
arg ξk(x)

})
, (23)

with ξ1(x), . . . , ξN (x) being the eigenvalues of Φ−1(x−0)Φ(x+0) for x ∈ ∆Φ and {·}
denoting the fractional part of a real number.

Theorem 4.2 (cf. e.g. [1, Theorem 5.10]) Let Φ ∈ PCN×N . If WΦ is a Fredholm

operator and Φ has at most finitely many jumps, then

IndWΦ = −arg(detΦ#)

where arg(detΦ#) is given by (22) − (23). Choosing the arguments in (−π, π), we

also have

IndWΦ = −ind[det Φ#]− 1

2π

N∑
k=1

arg ξk(∞).

Now, we can conclude a formula for the Fredholm index of matrix Wiener-Hopf

operators with PAP Fourier symbols.

Let Φ ∈ PAPN×N . Then Φ = ΘΞ (with Θ ∈ GSAPN×N , Ξ ∈ GPCN×N and

Ξ(±∞) = IN×N ) such that

WΦ =WΘWΞ +K (24)

withK being a compact operator (cf. Proposition 2.2). Assume thatWΦ is a Fredholm

operator. From (24) we derive that

IndWΦ = IndWΘ + IndWΞ.
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Using now formulas (21), (22) and (23) and taking into account that Ξ does not have

a jump at infinity, we can conclude the following theorem:

Theorem 4.3 (cf. [2, Proposition 6.3]) Let Φ ∈ GPAPN×N . If the almost peri-

odic representatives Φℓ,Φr admit right AP factorizations, and if WΦ is a Fredholm

operator, then

IndWΦ = −
∑
ℓ

indℓ[det Ξ]− ind[detΘ]−
∑
x∈∆Φ

N∑
k=1

(1
2
−
{1
2
− 1

2π
arg ξk(x)

})

−
N∑
k=1

(1
2
−
{1
2
− 1

2π
arg ηk

})
, (25)

where ξk(x) are the eigenvalues of the matrix function Φ−1(x−0)Φ(x+0) and ηk are

the eigenvalues of the matrix d−1(Φr)d(Φℓ). Choosing both arguments in (−π, π),
(25) simplifies into

IndWΦ = −
∑
ℓ

indℓ[det Ξ]− ind[detΘ]− 1

2π

∑
x∈∆Φ

N∑
k=1

arg ξk(x)−
1

2π

N∑
k=1

arg ηk. (26)

We will now be concerned in finding an index formula forDΦ1,2
(cf. (6)). It directly

follows from the definition of the operator DΦ1,2 that

Ind DΦ1,2 = Ind[WΦ1 +HΦ2 ] + Ind[WΦ1 −HΦ2 ].

Using the equivalence after extension relation mentioned in Section 2, we conclude

that Ind DΦ1,2 = Ind WΨ and consequently, Ind[WΦ1 + HΦ2 ] + Ind[WΦ1 − HΦ2 ] =

IndWΨ. Following (25) we obtain that

IndWΨ = −
∑
ℓ

indℓ[det Ξ]− ind[detΘ]−
∑
x∈∆Ψ

2N∑
k=1

(1
2
−
{1
2
− 1

2π
arg ξk(x)

})

−
2N∑
k=1

(1
2
−
{1
2
− 1

2π
arg ζk

})
, (27)

where Ψ = ΘΞ is a corresponding factorization in sense of (2) for the invertible

PAP matrix function Ψ, ξk(x) are the eigenvalues of the matrix function HΨ(−x+

0)HΨ(x+ 0) and ζk ∈ C\(−∞, 0] are the eigenvalues of the matrix d−1(Ψr)d(Ψℓ) =

(Hd(Ψℓ))
2, and ∆Ψ = {x ∈ Ṙ : Ψ(x− 0) ̸= Ψ(x+ 0)}.

Moreover, (27) can be rewritten as

IndWΨ = −
∑
ℓ

indℓ[det Ξ]− ind[detΘ]−
∑
x∈∆Ψ

2N∑
k=1

(1
2
−
{1
2
− 1

2π
arg ξk(x)

})

−
2N∑
k=1

(1
2
−
{1
2
− 1

π
arg ηk

})
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where ηk ∈ C\iR are the eigenvalues of the matrix Hd(Ψℓ).

Thus, we have just concluded the following corollary:

Corollary 4.1 Let Ψ ∈ GPAP 2N×2N and assume that Ψℓ admits a right AP factor-

ization. If WΦ1 ±HΦ2 are Fredholm operators, then

Ind[WΦ1 +HΦ2 ] + Ind[WΦ1 −HΦ2 ] = −
∑
ℓ

indℓ[det Ξ]− ind[det Θ]

−
∑
x∈∆Ψ

2N∑
k=1

(1
2
−
{1
2
− 1

2π
arg ξk(x)

})
−

2N∑
k=1

(1
2
−
{1
2
− 1

π
arg ηk

})
(28)

where Ψ = ΘΞ is a corresponding factorization in the sense of (3) for the invert-

ible matrix-valued PAP function Ψ, ξk(x) are the eigenvalues of the matrix function

HΨ(−x+ 0)HΨ(x+ 0), ηk ∈ C\iR are the eigenvalues of the matrix Hd(Ψℓ).

Moreover, formula (28) simplifies into the following one:

Ind[WΦ1 +HΦ2 ] + Ind[WΦ1 −HΦ2 ] = −
∑
ℓ

indℓ[det Ξ]− ind[detΘ]

− 1

2π

∑
x∈∆Ψ

2N∑
k=1

arg ξk(x)−
1

π

2N∑
k=1

arg β(ηk) (29)

when choosing arg ξk(x) ∈ (−π, π) and

β(ηk) =

{
arg(ηk) if ℜe ηk > 0

arg(−ηk) if ℜe ηk < 0

with the argument in both cases being taken in (−π
2 ,

π
2 ).

Let us now consider a useful particular case. For the particular case of Φ1 = ±Φ2,

we obtain the following corollary:

Corollary 4.2 Let Φ1, Φ2 ∈ GPAPN×N such that Φ1 = ±Φ2 and assume that

Φ2ℓΦ̃
−1
2r admits a right AP factorization. If W±Ψ2 ± HΦ2 are Fredholm operators,

then

Ind[W±Φ2 +HΦ2 ] + Ind[W±Φ2 −HΦ2 ] = −
∑
ℓ

indℓ[detΠ]− ind[det Ω]

−
∑

x∈∆
Φ2Φ̃

−1
2

N∑
k=1

(1
2
−
{1
2
− 1

2π
arg τk(x)

})
−

N∑
k=1

(1
2
−
{1
2
− 1

π
arg δk

})
(30)

where Φ2Φ̃
−1
2 = ΩΠ is a corresponding factorization in the sense of (3) for the invert-

ible matrix-valued PAP function Ψ, τk(x) are the eigenvalues of the matrix function
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Φ2(−x + 0)Φ−1
2 (x − 0)Φ2(x + 0)Φ−1

2 (−x − 0), δk ∈ C\iR are the eigenvalues of the

matrix d(Φ2ℓΦ̃
−1
2r ) and ∆

Φ2Φ̃
−1
2

:= {x ∈ Ṙ : Φ2Φ̃
−1
2 (x− 0) ̸= Φ2Φ̃

−1
2 (x+ 0)}.

Moreover, formula (30) simplifies into the following one :

Ind[W±Φ2 +HΦ2 ] + Ind[W±Φ2 −HΦ2 ] = −
∑
ℓ

indℓ[detΠ]− ind[detΩ]

− 1

2π

∑
x∈∆

Φ2Φ̃
−1
2

N∑
k=1

arg τk(x)−
1

π

N∑
k=1

arg β(δk)

when choosing arg τk(x) ∈ (−π, π) and

β(δk) =

{
arg(δk) if ℜe δk > 0

arg(−δk) if ℜe δk < 0

with the argument in both cases being taken in (−π
2 ,

π
2 ).

5. Example

In the present section we will exemplify the above theory. Let us take Φ1 = −Φ2 with

Φ2(x) = (1− u(x))

[
0 4ie4ix

ie−4ix 0

][
g(x) 0

0 g(x)

]

+u(x)

[
0 4ie−4ix

ie4ix 0

][
g(x) 0

0 g(x)

]
+

[
e−|x| 0

0 e−|x|

][
g(x) 0

0 g(x)

]

where u is the real-valued function defined by

u(x) =
1

2
+

1

2
tanh(x) (31)

and

g(x) =

{
e2

iπ
x−1 if x < 0

1 if x ≥ 0.
(32)

It is clear that Φ2 admits a factorization

Φ2 = AB (33)

in the sense of (3) with

A = (1− u(x))

[
0 4ie4ix

ie−4ix 0

]
+ u(x)

[
0 4ie−4ix

ie4ix 0

]
+

[
e−|x| 0

0 e−|x|

]
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and B = diag[g(x), g(x)]. Observing that A and B are invertible matrix functions,

we conclude that Φ2 is invertible.

From (33) we obtain that

Φ2Φ̃
−1
2 = ABB̃−1Ã−1 (34)

and

Φ2ℓΦ̃
−1
2r = I2×2. (35)

Therefore, Φ2ℓΦ̃
−1
2r admits a right AP factorization and d(Φ2ℓΦ̃

−1
2r ) = I2×2. Hence,

the eigenvalues of this matrix are equal to 1 /∈ iR.
We will now verify condition (lll) of Corollary 3.1. To this purpose, let us first

observe that

sp(Φ2(−x+ 0)Φ−1
2 (x− 0)Φ2(x+ 0)Φ−1

2 (−x− 0)) ∩ (−∞, 0] = ∅, for all x ∈ R

is equivalent to

sp(B(−x+ 0)B−1(x− 0)B(x+ 0)B−1(−x− 0)) ∩ (−∞, 0] = ∅, for all x ∈ R.

Additionally, from the definition of B it follows

B(−x+ 0)B−1(x− 0)B(x+ 0)B−1(−x− 0) = I2×2.

Consequently,

sp(Φ2(−x+ 0)Φ−1
2 (x− 0)Φ2(x+ 0)Φ−1

2 (−x− 0)) = {1} /∈ (−∞, 0].

These are sufficient conditions for these operators W−Φ2 ±WΦ2 to have the Fred-

holm property (cf. Corollary 3.1).

Let us now calculate the sum of their Fredholm indices. Since B is a diagonal

matrix, by (34) we can present the following factorization

Φ2Φ̃
−1
2 = AÃ−1BB̃−1. (36)

Let Θ = AÃ−1 and Ξ = BB̃−1. We will now calculate the determinants of Θ and Ξ.

detΘ = detAÃ−1 = detA det Ã−1 = detA detA−1 = 1.

and therefore, we obtain that Ind detΘ = 0. Furthermore,

det Ξ = detBB̃−1 = detB det B̃−1 = g2(x)g̃−2(x)

with

g2(x)g̃−2(x) =

 e4
iπ
x−1 if x < 0

e−4 iπ
x−1 if x ≥ 0

Therefore,
∑
ℓ indℓ[det Ξ] = 0. In addition, observing that the eigenvalues of the

matrix functions d(Φ2ℓΦ̃
−1
2r ) and Φ2(−x+ 0) Φ−1

2 (x− 0) Φ2(x+ 0) Φ−1
2 (−x− 0) are

both real, we have that their arguments are zero.

Altogether, we finally obtain Ind[W−Φ2
+HΦ2

] + Ind[W−Φ2
−HΦ2

] = 0.
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