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Abstract
A summary of the classical Lie method is presented as it applies to Richard’s
equation for water flow in an unsaturated uniform soil. In addition the more
general potential symmetries for Richard’s equations presented as a system are
also given. These results are extended to give a new non-classical symmetry
analysis based upon the method of Bluman and Cole. An example of a non-
classical symmetry reduction of Richard’s equation is presented. Furthermore a

new class of potential symmetries is derived.
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1. Introduction

The symmetry analysis presented here is motivated by problems associated with water
flow in unsaturated soils as described by for example Philip [1]. It is normal to
describe such flow by means of Richard’s equation [2] which is considered here in the
one dimensional form:

A (xatauvutvumvuxm) = U — (Duz)x - Kuum =0 (1)

and where the soil will be taken to be homogeneous so that both the diffusivity D
and hydraulic conductivity K are functions of u alone. In addition a suffix indicates
a partial derivative.

The use of symmetry or similarity methods to describe flow in unsaturated soil is
not new and has found practical application in the theory of infiltration. For example,
in the case of horizontal absorption Philip [3] describes travelling wave solutions based
upon an ansatz using the Boltzmann similarity variable w:

u=1u(w) w=mxt"? (2)
although the resulting mathematical forms for the diffusivity are not well adapted for

fitting empirical data.
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In a second example, with application to horizontal flow, with Neuman boundary
conditions the infiltration process is described using the ansatz:

u(z,t) =19 (w) ¢ w = xt w2 D (u) =cu™ (3)

Similarity solutions of Richard’s equation have been described by Sposito [4], Ed-
wards [5] and El-labany et al [6] who have conducted a comprehensive classical Lie
analysis of this equation and Sophocleous [7] has presented a partial classical analysis
of the equation in its potential form. In addition, Gandarias [8] presents potential
symmetries for a form of heterogeneous porous media with power law diffusivity and
hydraulic conductivity. There is however no detailed analysis of the important non-
classical approach of Bluman and Cole [9] applied to equation (1) although Gandarias
et al [10] has presented a non-classical analysis of the equation in a restricted form.
It is the aim here to summarize the main classical symmetries of Richard’s equation,
excluding obvious cases, for example translation symmetries and furthermore to intro-
duce new symmetries by undertaking both a non-classical and a potential symmetry
analysis.

2. Classical results for Richard’s equation

In the classical Lie group method one-parameter infinitesimal point transformations,with
group parameter € are applied to the dependent and independent variables (z,t, u)
In this case the transformation are

T=x+em (x,t,u)—i—O(fQ) t=t+en (x,t,u)+0(§2) (4)
t=u+ed(x,t,u)+ 0 (52)
and the Lie method requires invariance of the solution set ¥ = {u (z,t), A = 0}.

This results in a system of overdetermined, linear equations for the infinitesimals 7,
12, ¢. The corresponding Lie algebra of symmetries is the set of vector fields

0 0 0
X = — — _
m (x’tau) O + 172 (x,t,u) at+¢(mvtau) ou (5)
The condition for invariance of (1) is the equation:
X5 () acp =0 (6)

where the second prolongation operator X }(32) is written in the form
0 0 0
@ _ y [t 2 [«] _Z [wz] _Z
E +é Ouy +é Ou, +é Oy (™)
and where ¢t ¢[*] and ¢[**] are defined through the transformations of the partial
derivatives of u. In particular:
g = ug + +edt (z,t,u) + O (€)= up + +ed (z,t,u) + O (€7)
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Once the infinitesimals are determined the symmetry variables may be found from
condition for invariance of surface u=u (z,t):

Q=¢—n1uz — nous =0 9)
Throughout the following it has been found convenient to set
D= H, (10)

and also, the MACSYMA program symmgrp.max due to Champagne et. al. [11] has
been used to calculate the determining equations.

In the case Richard’s equation (1) the nine well known, for example, Sposito [4],
Edwards [5], over-determined linear determining equations are :

n2, =0 n2, =0 (11)

m,How =, Hu =0 2, Hyy+mn2,,H, =0 (12)

N2, Huw+n2, , Hu+m, =0 ¢ Ky + ¢zaHy — ¢ =0 (13)

Mo, Hy Koy — OHyutn2,, Hy — 02, Hy + 21, Hy = 0 (14)

2m, HuKy + 6HyHy o — GH2 y + duHyHy oy + o H2 — 201, H2 =0 (15)

OH Ky — OHuu Ky + 1, HuKu+2¢o HyHuu + 200 Hy, — 1, Ho + 1, Hy = 0(16)

As may be seen from Table 1 the classical symmetries are given for power and
exponential functions of H and K in which the infinesimal 7, and 7 are linear func-
tions of x and ¢ and where ¢ is linear in u. Note that each of these symmetries has
been used by Edwards [5] to reduce Richard’s equation to an ordinary differential

equation.

’ Functions H and K Symmetries ‘
H=cu® m=A—-p)z, ¢=u
K=ku" no=(A—2p+1)t
H=cu* m=Az,p=u
K=klnu na=(A+1)t
H=cu* m=A—-1)z—kt
K=k(ulnu—u) na=(A—=1)t, ¢p=u
H=ce*" m=A—p)z
K=kel" no=(A—2p)t, ¢p=1

H=ce ", K=ku? m=Ax—2kt, na=Xt, ¢=1

H=cu, K=Fku? m=—x, n2=—2t, ¢=u
H=cu m=—2kxt, na=—2kt2
K=ku? p=x+2kut

H=cu, K=ku? m=—2kt, 72=0, $=1

Table 1. Classical symmetries of Richard’s equation
(based on the comprehensive analysis of Sposito [4], Edwards [5],
and excluding obvious cases such as translation symmetries)
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3. Non-classical point symmetry

The non-classical method is a generalisation of the classical Lie group approach due
to Bluman & Cole [9] that incorporates the invariant surface condition (9) into the
condition (6) for form invariance of Richard’s equation (1). It follows that non-
classical symmetries of Richard’s equation may be found by solving the non-linear set
of determining equations:

27 (A) | azo, 9mo = 0 (17)

To apply (17) two cases must be considered as follows.

3.1. Case A =1 m =n(zr,t,u)

It is straight forward to show that there are four non-linear determining equations as
follows:
H, (nuHuu - nuuHu) =0 (18)

¢wHuKu + ¢2Huu + (bm;vHﬁ - ¢tHu - 277w¢Hu =0 (19)

=0 (20)
+ 2¢ua:H3 - nmcHZ — 20,0 H, + 0 H,, + 2nn, H,
=0

Solutions of these equations will be generated below.

3.2. Case B ne =0 m=n=1

In this case the four determining equations are:

¢HuKu u ¢HuuKu + 2¢THuHuu + 2¢U’I‘HZ =0 (25)

There is only one solution of these equations as follows, namely the infinite symmetry
ou
n=1 H=cu K =ku gf):a—:cOqug (26)
x
where g = g (z,t) and satisfies

CYrx +kgr —g: =0 (27)
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4. Examples of symmetries for Case A

Using (18) and (20) the following explicit forms for n(x,t,u) and ¢ (x,¢,u) may be
obtained:
n(ztu) = f(z,t) H(u) + g (z,1) (28)

¢ (x,t,u) = H ' { fo H? = 2f Z (u) + 2fgX (u)
+2f2W (u) + HS (z,t) + R(z,1)} (29)

where f, g, R, S depend on z, ¢ and W, X and Z depend only on u. Examples
of explicit non-classical symmetries may now be found by considering two sub-cases
f =0and f # 0 separately.

4.1. Sub-case f =0
When f = 0 equations (28) and (29) become:

n=g ¢ =H, ' {HS (,t) + R (z,)} (30)
and the determining equations (19) and (21) are now

(HHy Ky — HH, Ky +g Hyy) (R+ HS)
+ H, (9aw —2S2) — Hyy (92 Ku + ¢ +2 9 92)
=0 (31)
and
H3 (Ryw + HS22) + Hyw (R+ HS)> + H2K, (R, + H S,)
~29,H2(R+H S)— H? (R, + H S;)
=0 (32)

The following three solutions of these equations have found. In the first case:

k
f=0 H=¢% K=" (33)
u u
where ¢ and k are constants and where the infinitesimals are
n= czefkT o= e uefkT (34)
c

To generate a similarity solution of Richard’s equation these infinitesimals may be
substituted into the surface invariant condition (9) and the method of characteristics
employed to determine the following ansatz for u (z,t):

kx

u(x,t) =1 (w)ee (35)



98 Ron Wiltshire

The similarity variable w (z,t) is given by:

cw o kC t
e =ev - 2 (36)
c
Substitution of these relationships into Richard’s equation (1) gives the ordinary

differential equation:

de,  8cy? 2k,
A
Clearly the equations (36) and (37) together define ¢ (w) and w (z,t) to give the
final form of the solution (35).

For the second symmetry the following solutions of (31) and (32) have also been
found:

— e, =0 (37)

f=0 H = arbitrary K = arbitrary (38)
with infinitesimals:
n=n() ¢=0 (39)
and in a third case solutions of (31) and (32) may be obtained when:

f=0 H=cu K =ku (40)

This gives rise to the infinitesimals:

_r—ktte b= ¢4 + cru + cgecs(ccat—kt—z) (41)
= 2t + co a 2t + ¢

The similarity solutions corresponding to the second and third symmetry follows
as for the first symmetry. However the details will not be presented here.

4.2. The sub-case f #0

For this sub-case substitution of (28) and (29) into the determining equation (20)
gives rise to the following condition for f and g :

ap — gag — fag =0 (42)
where a; are constants for which the functions Z, X and W satisfy:

Zu Xy
H—M—K:aou—i—al H—u—l—u:agu—i—ag (43)

W,
H,

+/Hdu:a4u+a5 (44)
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The remaining two determining equations (19) and (21) have the lengthy form:

fo (4H.Z, — H*H,K,, + H* K,H,, — HH_K,)

+2f Z(H Ky — KuHyy )

+2f* (-HHyuZ —2H.Z — H Ky, W + K, Hy, , W)

+2fg (-~ HyuZ — H Ky X + Ky Hy o X)

+ fog (FAHZX, + B H,, — 2H H2) +2f g, (~2H2X, — HH?)
+2f%g (HHuuX +2H, X + Hyu W) +2f g*Hyu X

+ ffo (H*Hyo — 8H2W,) +2f*W (HH,.,, +2H.) —2H3S,

+ (KuHyu — HuKyu) (R+ HS) + f (HHyu +2H.) (R+ HS)
+gHyw (R+HS) = g H Ky — 3 fooH Hy) + goa H,)

— [t H H. — g, H, — 299, H,,

=0 (45)

4f*Hy Z*+ f fo (-AH*Hy,wZ +AHH2Z + AHZK,W)

+ fou (HPH.K, —2H}Z) + f g, (AH.Z 4+ 2H. K, X)
—8f*gH,wXZ-8f*H, WZ—-4fH,, Z(R+ HS)
—2f,H’K,Z +2fH>Z +4f*¢*°H,, X*

+ffog WH*Hy o X —AHH.X) + fog. (AHIX —2H? H?)

+8f3g Hy WX +4fgHyy X (R+HS) +2f, gH2K, X +2 f g H2X
+2 foagHo X —2f g H. X —4fgg. H X =2 fg Ho X +4 f* Hyy W?
+ 2 fe AH*H, W —4H H2W) + f2(AHW + H*H,, — 2H®> H?)
+4fPH, W (R+ HS) +4f foo HUW —4 f? g, H:W

—4f fiHLW — H? (R, + HS;) + H} (Ryw + HS4s) + Hy Ky (R + HS.)
+Hy,, (R+HS)’ + f, (2H*H,, —2HH?) (R + HS)

— 29, H} (R+ HS) + foaw H> H} — fo H* H,

-0 (46)

The following three symmetry solutions have been found have been found from
these equations. In the first sub-case:

f = C Ku = —C()H (47)
where ¢g is constant and the corresponding infinitesimals are:

n=cHd ¢=0 (48)
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Secondly the sub-case

k
f=- H=cu

c

gives rise to the infinitesimals:

n==Fk(u+h) ¢

where h = h (z,t) such that

K = ku?
B k*u? (u + h)
c

hi = chyy + 2khhy

and finally the sub-case:

yields:

Cl)\

_co +cix + cot

ceiheM

_co +cix + cot

H = ce™ K = ke

kEcideM — ¢y

~ Aeo + iz + cot)

(50)

(51)

(52)

(53)

The corresponding similarity solutions for these sub-cases giving the solutions of
Richard’s equations will be considered elsewhere.

. Symmetries
Functions H and K Y
¢ = nuz+ut
c _kx
H:E n=cge ¢
P
K:% ¢:Lf“e*71
. n=n(t
H, K arbitrary ®)
$=0
H=H (u) n=coH
Ku=—coH =0
n=Fk(u+h)
H=cu b= k202 (uth)
K=ku? ¢
hit=chzz+2khh,
- ohu
H=co e
K=ke b= kcpxeM —cq

= X(cgFeratent)

Table 2: Ezamples of non-classical symmetries of Richard’s equation

5. Potential symmetries

Richard’s equation may also be written as the potential system A =(A;,A) =0

where:
Ay

=v,—u=0

Ay =v,— Hu, —K=0

(54)
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and this form gives rise to many new important symmetries. In this case the classical
Lie analysis is based upon the infinitesimal transformations of the four variables:

z=x+en (z,t,u,0)+ O (&) t=t+en(z,t,u,v)+0 (&%)
i=u+epr (,t,u,0) +0 (%) T=v+edy(w,t,u,0)+0(E%)  (55)

Note that since u = v, these define contact transformations for v. The associated
generator:

0 0 0 0
X—m%‘fﬂh&"‘éﬁ’l%"‘é%% (56)

and the condition for form invariance of (54) is found by applying the first prolongation
so that now
1
XJEJ ) (A) |A1:O,A2=0 =0 (57)

It may be shown that the seven linear determining equations are:

n2, = 0 7]21}Hu -, = 0 (58)
ung, + 2, = @2, —un, =0 (59)
2m K+ o1 Hyo — @2, Hy + ¢y, Hy +12, Hy — 1, Hy =0 (60)

¢2uK - WhuK - u¢2vHu - ¢2zHu + ¢Hu + U2771vHu + U’l’}lIHu
=0 (61)

¢1HuKu - nluKQ - ¢1HuuK - ¢1HuK + unlvHuK
i, HoK +uéy, Hy + ¢1, Hyy — b2, Hy + uny, Hy
=0 (62)

There are two main cases. to be considerd. In the first 1, # 0 whilst in the
second, (considered in detail by Sophocleous [7]) 71, = 0.

5.1. The case n;, #0

The determining equations have the following new symmetry solution:

U e U o
H=c (> K =ku (> when co#0,1 (63)
co + ucy Co + ucy

H=ce an K = kue aw when co=0 (64)

H=cln <1 —i—uclu) K =ku when cop=1 (65)
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with infinitesimals

n = coT + c1v N2 =cg+t
(151 = —U (C() —+ clu) 2 = 0 (66)

A detailed discussion of the corresponding similarity solutions of Richard’s equa-
tion is the subject of on going research.

5.1. The case n;, =0

In this case it follows that 172 = 19 (¢) and the corresponding results have been analysed
by Sophocleous [7]. Table 3 is based upon his comprehensive work in which all the
known symmetries for this case are presented excluding the obvious translational
symmetries.

| Functions H and K | Symmetries \
H=cu m=1—p)(xz—kgt), p1=u
K=ku!+kou na=2(1—p)t, do=(2—p)v
H=cu n1=p(kot—=), no=—2put
K=ke)‘u+k0u ¢1=1, po=—pv+x+kgt
H=cu n1=—kt, ny=2t
K=kInu+kgu P1=u, ¢o=2v+kt
H=cu n1=x—kot, no=0
K=kulnu+kgu ¢1=u, po=v
H=cu n1=—2kt, no=0
K=ku? b1=1, o=z
H=cu n1=—2kxt, n2:72kt2
K:ku2 ¢1=x+2kut, ¢2:ct+§
H=ce>‘u n1=Ax—2kt, no=>At
K=ku? b1=1, po=z+Iv
H=ce™" n1=(A—p)z—kout, ng=(A—2u)t
K=ke" +kgu ¢1=1, po=z+kot+(A—p)v
H=cu’ m=A-p)z+kop—1)t, ¢1=u
K=ku+kou no=(A—2u+1)t, po=(A—p+1)v
H=cu™ n = (A;U(acﬂct), 1n2=0
K=ku $1=1, ¢2:wv
H=cu™ m=A-1)z—kt, p1=u
K=kuln(u)+kou no=(A—1)t, po=Av
H=cu™ n1= x—kot, ¢p1=u
K=klIn(u)+kou no=(A+1)t, po=(A+1)v+kt

Table 3 Potential symmetries of Richard’s equation
(based upon the comprehenvive analysis of the case
n2 = 12 (t) by Sophocleous [7])
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