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Homogeneous Linear Matrix Difference Equations
Of Higher Order:Regular Case

Toannis K. Dassios

Abstract

Abstract.In this paper the solutions of the matrix difference equations (reg-
ular case) ApZrin+An—1Tktn—1+...+A1Tk+1+AoTr = 0 are developed (for the
case detA, # 0 and detA,=0) with Zx,,Tkg+1,-.-,Tko+n—1 the initial conditions
sequence.Moreover we provide a proof that solution sequence is unique for consis-
tent initial conditions and infinite for non-consistent initial conditions.Numerical
examples are given.

Keywords: Weierstrass cannonical form,Difference equations,Matrix pencil,Zeta trans-
form

1. Introduction
Consider the following homogeneous constant-coefficient-matrix difference equation

of order n given by:

ApZrin+ An—1ZTktn-1+ .. + A1Tp 41 + AoT = 0 and Ty, 4, , (i=0,1,2,...,n-1) are the
initial conditions, such that Zy,1,=¢; € R™ at the kg + ith sampling time point.

o}
a}

where A; € R™*™ i=1,2,...,n and T} = : , k > ko, integer with z,=z(T})
T,

, T is the sampling period.

In the sequel we adopt the following notations :

Uh =Tk U= Tkt s s Ui = Thin2 s U = Thgno1

then ,

=1 & _ 52
Yit1 = Th+1 = Yp,
—2 - _ 73
Yk41 = Th+2 = Yg

LY
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QZJ:II = Thin—1 =g
An@2+1 = An-fk—i-n = _An—lgz — . — Alyl% — Aogi

Or in matrix form ,

Lo Om . Op O T O Im O 7
1 B i
0y Op ... I, O, Y1 (1 0 ... I, Yr
Om Om Om An yk+1 —AO —Al e _An—l Yi
Let
I, 0, .. 0, O, 0., L, ... O ﬂ;ﬁ
0 Iy ... Op Oy 0., 0 ... O, 72
k
A=| Do ©|,B= . : : k=
: . . : : . . o
Om Om oo I Op Om Omn e I y’in
Om Om Om An 7A0 7141 - 7An_1 Yk

so the system takes the form Ay = By , Uk, initial conditions.
Where A,B are (m - n) x (m - n) matrices and g} is (m - n) x 1 column, matrix.

2. Case of regular pencil

Definition 2.1 The pencil sA-B is called regular if A,B are sqare matrices and
det(sA— B) #0

Proposition 2.1 [1] Let the pencil sA-B be regular then there exist non singular ma-
trices P,Q such that PAQ = A,, and PAB = B,,. Where sA,, — By, is the Weierstrass
canonical form of the pencil sA-B.

If (s — a;)b are the finite elementary divisors (i = 1,2,...,v , t1 + t3 + ...t, = D)
and 8% the infinite elementary divisors (j = 1,2,...,0 , g1 + g2 + ... + ¢ = q) of the
pencil sA-B then:

| I, O | Jp O o
Aw_|:0 Hq:|7Bw_|:0 Iq:|?p+q_mn

where H,=blockdiag{H,,,Hy,, ..., Hy, }, Jp=Dblockdiag{Jy, (a1), Ji,(a2), ..., Jr, (av)}
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0 1
0

Hy=| o .

0 0

0 0

Now assume y,=QZ then :

Af1=Byr & PAQr1=PBQZ; ©A,Zy11 = B2y

0

0

o o

1

0

’ Jti (al):

SIS

oo -

a;

0 0
0 0
(7 1
0 a;

Proposition 2.2 Consider the system AT yn+An_ 1Tksn_1+..+A1Tpr1+A0Zr =0
where Z; , (j = ko, ko+1,ko+2,...,ko+n — 1) are the initial conditions.If detA, # 0
the system has unique solution.

Proof 1f detA,, # 0 < detA # 0 (of system the Ayry1 = By , Uk, initial condi-
tions) < q=0 because there does not exist infinite elementary divisors.That means

p=m- n and so we have ,
Aw§k+1 = B.,zZr &

Ziy1 = JpZpeZy = JI’fékD(:) yk:QJ;fEkok > ko .The solution is unique.

Proposition 2.3 Let the system ApZin + Ap 1Zhin_1+ ... + A1Tp1 + AgZp =0
and zj , (j = ko,ko+1,ko+2,....,ko +n — 1) are the initial conditions.If detA,, =0
then the solution is unique if and only if the initial conditions are consistent.

Proof 1f detA,, = 0 < q#0.Then we define Ek:{

Z{ column gx1 and we get :

5

szk+1 = B,Zre

I, O Zp1
0 H, Ziiq

Jp
0

@)
1

=p
q 2

} where z, column pxl and

; R N 4 _q
from where we get two equations : z;  ,=Jp2z and Hyzp =2

The first equation gives the solution } = J;fzo , k>kg. For the second equation
we apply the Zeta transform.Assume that ¢p,.,=maxgq; and we have

qug-i-l:’zg ~ qu{ig+1}zz{fg} < Hq [zw(z) — Zlfkofko] = U)(Z)

>4
where w(z) = 3.2, &, is by definition the Zeta transform of ]

(zHy — Iq)w(z):zlf’“OHqigO.It is easy to show that det(zH; — I;) # 0 and that
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(zHy — Iq)_lz_ Zz%m_l(ZHq)n , while Hg =0 for n> gmas =

w(z) = (zH, —I) Lo H 2l &

w(z) = — Loy e H ) R H ], = - i @ e

w(z) - ;lealm—l(z)nkaHngzo o 71 {w( )} - _ qmar—l 1{ n kO}H;LZkO
maz—1 — ]. fO'f' k = ko —n

zi = et Ongk—ko Hy 2 = 0, because 0y ky = { 0 for Etko—n

z{ =0and 2} = szk k>kg

so if @ = [QpQq]then ,

_ _ z _ _ _

U = Qzr = [Qqu] [ 21;2 :l = szﬁ + qug = Q;D'ngzo

solution that exists if and only if g, = szgo.That means i, € colspan@p. The

columns of @), are the p eigenvectors of finite elementary divisors (eigenvalues) of the
pencil sA-B.In that case the system has the unique solution:

T = 1Jk2k0

1

where @, is defined as Qp—{ QQ

Qp

Proposition 2.4 Let the system Agry1 = Bk , Yx, initial conditions.If §r, ¢colspanQ,
the system has infinite solutions.

} ,Qp(n - m) x p matrix,and Q}, m x p matrix.

Proof In general for the equation Agyi1 = By if g, ¢colspan@, < ZZO #0 e, =
QpZp, + Qg7 In that case for the equation Agry1 = By we have k## ko because if
k=ky then Ay; = By, and Z,‘io =0 which is a contradiction.The system then takes
the folowing form,

Uk—ko—1AYk+1 = BYr — Ok—ko BYk, » k> ko

1 for kzko+1 _[ 1 for k=k
where Uk—ko—1 = { 0 fO’I“ k= ko and 5k_k0 - { 0 fOT k 75 ko

The solution of the equation is §x = Y 1+ Yk,2 where gy 1 solution of ug_p,—1AYr41 =
By, and gy, 2 partial solution of uy_p,—1AYr+1 = BYr — Ok—ky BYk, - Assume yp=QZy
then :

Uk—ko—1 AYr+1=BUr © Ur_r,—1PAQZ,1=PBQ2Z;

=P
detA=0< ¢#0.Then we define z, = [ %’3 } where z} column pxl and z] column

gx1 and we get :

U kg—1AwZir1 = By &
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I, O Zeg | [ O zr
“’“’“01{0 HqHng o 1, || #

; . P _ 7 5P "
from where we get two equations : kakoflzk_H—Jka and uk,ko,lqukH—zk

The first equation gives the solution z = uk,ko,lQpJ]fé , k > kg. For the sec-
ond equation by applying the Zeta transform we get zJ = 0.So if Q = [Q,Q,]then ,

_ _ zr _ _
Yk = Qz, = [Qqu} l: 2’2 = szz + qug = ukfkoflt]ga k >ko.
For the partial solution we take ¥ 2 = 65—k, Yr,- Then ,

Yk = Yk,1 T Yr2o Y = uk_ko_lQsz’f+6k_kogko , k > ko and the dimension of
the solution vector space is p.

Proposition 2.5 Let the system ApTpin + Ap 1Thin-1+ ... + A1Tp1 + AgZp =0
k > ko +n then for non cosistent initial conditions Tx,+i , (1=0,1,...,n-1) the system
has infinite solutions.

AnZpgn + Ap1Tpqn1+ . + AT + AoZi =0, k> ko — 1 &
Z?:()Aiffk-&-i = (_) s k> kOJrn oS

n _ _ n—1 _
Wk—ko—np ;g AiThti + Aok = Ao Y i Ok—ko—iTho+i-

_ 1 for kzkotn _J 1 for k=koti
Whho=n =0 for k<ko+n CFRTIT 0 for k#ko+i

The solution of the equation is: Zj, = Zr1 + ZT,2-
Where Zj 1 is the solution of ug_gy—n > 1y AiZp+i + AoZr = 0 and Ty » is partial
solution of A, Zp4n + An—1Tkyn—1 + ... + A1Tp+1 + AoZTi = 0.Then:

_ o 1 7k= _ _ n—1 _

Ty = Up—ky-nQpJy € and Ty 2 =D 10 Ok—ko—iTho+i

- 1 7k = n—1 _

Tk = Ug—kg—nQpJyC+ D iy Ok—ko—iTho+i » K > ko.

The dimension of the solution vector space seems to be p but if some of the given ini-

tial conditions are consistent the dimension of the space that describes the solutions
can be reduced.
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3. Example
1 1 _ 2 1| _ -2 3 |_ 4 -2 |_ =
Let 1o g [Tt | g o [Tt | [ @t o g | T =0
- y 1 s 2 s 3 _ =
Where Z;, = ok . Then gy, =2y , Yi = ZTpt1 , Y = Thy2 &
2
Uhe1 = Tht1 = Ui

-2 _ _ .3
Y1 = Th+1 = Yg

3 A _ = - = -3 _2 —1
A3yk+1 = A3Tpq3 = —AoTpyo — ATy — Aoy = — Aoy — A1Tj — Aoyk

Or in matrix form ,

I, 0y 0, Thi 0 I, 0 Uy
0 I Oy 2o |=] 02 0 I Ui
02 0 As Uiin -4 -A —A i
Assume
Io 02 02 s 0y I 05
A=| 0z I 0y |, 9= | 5; | .B=| 0, 02 I
02 0o As up -Ay -A1 A
Then
1 0 0 00 O 0o 0 1 0 0 0
01 0 0 0 O 0O 0 O 1 0 0
0O 0 1 0 0 O 0O 0 O 0 1 0
SAB=s| o 001000 0 0 0 0 1
00 0 0 1 1 -4 2 2 -3 -2 -1
00 0 0 0 O 1 1 -1 -1 0 0

The pencil sA-B has the following invariants:
s-1,5-2,5-3 finite elementary divisors and 52 infinte elementary divisor of degree 3.
There exist matrices non singular P,Q such that

PAQ=A, and PBQ=B,,.Where ,

| Is 03 | J3 03
Aw—[OS Hg]andBw—{o3 13}

Let 5,=QZx then :
Agk+1:ng<:> PAQIC+1:PBQZIC ’ k:05172a"'
=P
We define z;, = ;’g where z} column px1 and z{ column qx1

k
and :

_ _ I3 O P J3 0 ZP
AwZii1=PBQz, (:)[ 5 H, } { Zk: ] = { 02 I; ] { 2’2 ] from where we get:
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1 00 1 0 0
Z . =Jsz Where Js=| 0 2 0 | =J5=[0 2F 0
00 3 0 0 3*
Q=[QpQq] The columns of @, are the eigenvectors of the eigenvalues 1,2,3 of sA-
B
3 1
-5 -1
_ 3 . . _ 2 . .
G = _5 is the eigenvector of 1,5 = 9 is the eigenvector of 2 and
3 4
-5 —4
3 1 1
-1 -5 -1 -1
qs = _33 is the eigenvector of 3.That means @, = _35 _22 _33
9 3 4 9
-9 -5 —4 -9
Example3.1 Let the initial values of the system be
1
-3
_ 1 _ -2 — _ -2
To=| _a |+ T1=| (o | %2=| ¢ and yo = 0
—10
8
Then o € colspanQ, (consistent initial conditions) and the solution of the system is
Yk = QpJ§50
and by calculating zp we get §o = QpZo
1 3 1 1
-3 -5 -1 -1 . 1
-2 3 2 3 ! _
0 = _5 _9 _3 22 | <= 20 = -1
~10 3.4 9 =3 -1
8 -5 —4 -9
3—2k 3k
—5+2F + 3k

3 2k+1 _ 3k+1

-5+ ok+1 4 3k+1
3 — 2k+2 _ 3k+2

5 4 9k+2 4 gk+2

and the solution of the system is 7y = Q,J520 © U =
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I I B e
T = _5+2k+3k

Example3.2 Let the initial values of the system be

0
0
_ 0 _ 0 1 0
xo—{0:|>$1:[0]7$2—[1]andy0— 0
1
1

Then gy ¢ colspanQ, = non consistent initial conditions.Then the solution is

3c1 + QkCQ + 3k63 ) 1
—5c; — 2kcy — 3Fey k=21 |

= 1 7k= 2 = _
Ty = Up+3Q3J5C + Do OktiThti = Uk+3 {

The dimension of the solution vector space is 3.

Example3.3Let 7o = 1 = [ 8 ] be non-consistent initial conditions of the sys-

1 . .
tem and To = [ 1 ] consistent.Then the solution is

_ 301 + 2k02 + 3k63
= > .
Tk |: —bcy — 2k62 — 3k03 7k - k‘o
By replacing the consistent initial value o we take ¢ = —1 and ¢o = 2 — %C3 and the

solution is
_ —3 281 4 (3F — 39k)¢y

= > ko.
o [ 52K+l 4 (3gk _3kye, Ko

The dimension of the solution vector space is 1.
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