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Borg-Levinson theorem for magnetic Schrodinger
operator

V. S. Serov

Abstract

We prove that the boundary spectral data, i.e. the Dirichlet eigenvalues and
normal derivatives of the normalized eigenfunctions at the boundary uniquely
determine the coefficients of the magnetic Schrédinger operator in the bounded
domains.
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1. Green’s function

Let Q2 be a bounded domain with smooth boundary in R™,n > 2. We consider in this
domain a magnetic Schrodinger operator

H,, = —(V+iA(z)?>+V(z), z€Q, (1)

where the coefficients A(z) and V() are assumed to be real-valued. We assume also
that

A2) e (L))", n>3 A)e (LX), 2<p<o, n=2 (2

and

Vo(x) € L2(Q), n>3; V. (z)€L’(Q), 1<s<oo, n=2 (3)

where V. = max(V,0) and V_ = min(V,0).
It is well-known (see, for example, [13]) that under the conditions (2) and (3) for
the coefficients the following Garding’s inequality holds:

(Hou,w)ze > el|Vul|Zs — caflulZ2, (4)
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where 0 < ¢; < 1,¢g > 0. This inequality allows us to define symmetric operator (1)
by the method of quadratic forms. H,, has a self-adjoint Friedrichs extension denoted
by (H,,)r with domain

D((Hy)r) = {f(x) €W} () : Hpf(x) € LX),

o
where W3 (£2) denotes the closure of the space C§°(2) by the norm of Sobolev space
W3 (). The spectrum of this extension is purely discrete, of finite multiplicity and
has an accumulation point only at the 4oc0:

The corresponding orthonormal eigenfunctions {¢y(x)}32 ; form orthonormal basis in
L?(€2). The Garding’s inequality (4) allows us to conclude also that there is a positive
constant po such that the operator (H,,)r + pol is positive. Then the diamagnetic
inequality of Barry Simon (see [12] and [2]) says that for any ¢t > 0 and any f € L?(Q)

e Um0l ()] < e VP f|(2), ae. zeQ, ()

where (—A)r denotes the Friedrichs self-adjoint extension of the Laplacian in L?({2)
with purely discrete spectrum. The operators e~ ‘(Hm)rtuol) and e=H(=2)r in (5)
can be understood via J. von Neumann spectral theorem. Even more is true in that
case. Namely, since both these operators have purely discrete spectrum they are
integral with kernels denoted by P(t,z,y) and Py(t,x,y), respectively. Since Py is a
heat kernel maximum principle implies the following estimate:

1 le—y|?
0< Py(t,z,y) < ———e 2 .
> 0( y) (\/m)n

Thus, the inequality (5) can be rewritten as

I/ (t,z,y)f dy|<(\/4%)nﬂ/

where f € L?(2). Using then the Hardy-Littlewood maximal functions from the
inequality (6) we obtain

_|e— y\

lfW)|dy, a.e xz€Q, (6)

1 _lz—y|?
‘ S W@ a T,y S Q. (7)

[P(t,z,y)

For any A > g, where p from (5), the operator (H,,)r + A is positive and its
inverse

(Hp)p + M) L2(Q) — L2(Q) (8)

is bounded integral operator with kernel denoted by G(z,y,\). If we use for this
integral operator the symbol G(\) then we have

(Hp)rp + AXDGN) =1, G\ ((Hm)r+ M) =1, G(z,y,\) =Gy, z,)). (9)
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Definition 1.1 The kernel G(z,y,)) of the integral operator G()) is called the
Green’s function of the operator (Hy,)r + Al.

Our first result is

Theorem 1.1 Suppose that A(x) and V(z) satisfy the conditions (2) and (3), re-
spectively. Then for any X\ > pgo the Green’s function of the operator (H,,)r + N
satisfies the following estimates:

G2, y,\)| < Cla —y|> e l#vVA >3, (10)

and
Gy, 0] < € (14 og(le — y[VA) e UVE, =g, (1)

where x,y € Q and C > 0 does not depend on x,y € Q0 and X .

Proof. Due to J. von Neumann spectral theorem the Green’s function G(z,y, \) can
be calculated as a Laplace transform of P(¢,z,y)

(z,y, A / “AP(t,x,y) dt. (12)
0

Using (7) we can easily obtain from (12) that for A > g

|z —y| )
VA
where K, is the Macdonald function of order v. Equation (13) and asymptotic expan-

sions of K, (z) for z — 0 anf for z — +oo give us estimates (10) and (11). Theorem
1.1 is proved. O

Gl ) < (2n)% (22 Kaa (= V), (13

We have three immediate corollaries of Theorem 1.1.

Corollary 1.1 Assume that A and V are as above and o > 1:m > 2. Then for any
function f(x) € L?(Q) the following inequality holds

[(Hm)F + )77 fllLoe() < CAT 77| fll 2,

where A > pg with po as in Theorem 1.1.

Corollary 1.2 Assume that o > %, n > 2. There is a constant C > 0 depending only
on Q, such that the estimate

2 Jpu(a) s
2 O + a2 =

holds uniformly in x € Q and X\ > pyg.
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Corollary 1.3 Assume that o > ,n > 2. Then the following series

> 1
Z 20
= (A + 10)

CONveErges.

Remark 1.1 It can be mentioned here that the estimates (10) and (11) of the Green’s
function of the magnetic Schrédinger operator (1) are obtained in Theorem 1.1 for
very weak conditions of the coefficients of H,,. As far as we know they never appeared
in the literature for such conditions of the coefficients.

2. Dirichlet-to-Neumann map and eigenfunctions

In this chapter we assume (a bit more than in (2) and (3)) that

Alw) € (W, ()", V(z) € LP(9), (14)

for some p > 3,n > 2.
Let A > po with po as in Chapter 1. Consider the following Dirichlet problem:

((Hm)F + )\I)U(CU) =0, z€Q, u(ac) - f(x)v T e aQa (15)
where the boundary function f(z) satisfies the following condition:

—1 -1
[@) € BL00), t=t—=, p>n t>— S<psn (16)

where B} (9) denotes Besov space on the boundary.
It is well known (see, for example, [3], Remarks on pp. 209, 241, and Corollary
9.18, p. 243) that there exists a unique solution of (15) from the spaces

u(w) € W2, (Q) N W7 (). (17)

Thus, we may define the Dirichlet-to-Neumann map A ;7 ,, 4 as follows

AA,V+/\f(x) = ag(yx) +id vf(z), (18)

where v is outward normal vector at the boundary 0€). Conditions (14), (16) and
(17) imply that the Dirichlet-to-Neumann map (18) acts as (for fixed A)

A : BL(09Q) — Bl (09) (19)

AVHr-

with ¢ and p as in (16).
The following lemma plays the crucial role in this work.
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Lemma 2.1 Assume that fﬂ, Ay and V1, Va satisfy the conditions (14) and f satisfies
the condition (16). In addition we assume that A, (z) = Ay(x) on the boundary 9.
Then

JJim IA 5, voind = Az, viaSllBs (90) =0 (20)

forany0<5<17%.

Proof. Let w(x) := ui(x) —ua(z), where u;(x),j = 1,2, solves the problem (15) with
A;,V;, respectively. We denote the corresponding magnetic Schrodinger operators by
H,, ;. Then w(x) solves the boundary value problem

(Hmi + M)w(z) = (Hma — Hn)uz(x), x €8,

w(z) =0, =z €.

This problem can be rewritten as
(=A + M =24, -V + Q)w(z) = 2i(A, — Ay) - Vua(z) + Qua(z), z€Q,

w(z) =0, =ze€d, (21)
where the potentials Q(x) and Q1 (z) are defined by

— — —

Qz) =iV - (Ai(2) = Ap()) + (| Aa(@)* — [Ai(@) ) + (Va(x) — Vi(x))

and
Q1(z) = =iV - Ai(z) + | A1 (2)]* + Vi(a),
respectively. The conditions (14) easily imply that Q(x) and Q1 (x) belong to L?(2)
with p as in (14). Denote by Go(\) the integral operator with the kernel which is the
Green’s function of —A 4+ AI in Q. Applying this operator we obtain from (21) the
following integral equation
(I + Kw(z) = F(z), (22)

where the integral operator K and the function F' are given by
K = Go(\)(=2id; -V + Q1)
and
F(]J) = GQ(/\)(QZ(Al — AQ) -Vug + QUQ)(JZ)
We consider this equation (22) in the space of functions from Sobolev space W2 (1)
which vanish at the boundary 9. Due to the assumptions (14) for the coefficients ffj
and Vj,j = 1,2, and embedding (17) we may conclude that F' belongs to this space

and K is compact there. Since the operator H,, ; + Al is positive for A > o then the
boundary value problem

(Hpa +M)w(z) =0, zeQ,
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w(z) =0, ze€dN

has only the trivial solution w = 0. The same is true for the homogeneous equation
corresponding to (22). By Fredholm’s alternative the operator I + K has a bounded
inverse in the indicated Sobolev space and therefore the solution w of the equation
(22) satisfies

lwlwze) < ClIF Iz < C (1A = A2) - Vualliage) + 1Quallirey) - (23)

If p > n then the conditions (16) and (17), and the inequality (23) imply that
lwllwz@) < C (||(/Y1 — o) Loy | V2| ooy + ||QHLP(Q)||U2||L°°(Q))

<C <||(/T1 — Ao)llwr ) luzllws @) + ||Q\|LP(Q)||U2HWP1(9)) < Cllugllwio),  (24)

where C depends only on the coefficients of the magnetic Schrodinger operators H,, ;
and H,, 2. If § < p < n using Sobolev embedding theorem and by analogy with the
previous case we obtain

[wllwz@) < C (H(/L — Ay)|

re@ IVuzllzr@) + ||Q||LP(Q)HUQ||L°C(Q)>

< ¢ (I = &) lwy @ lluzllwg @ + QU@ luzllwg @ ) < Clluzllwg @) (25)
Wheres:n”—fp,r:nifp<nands<oo,r>pifp:n, andoz>%.

We apply now the result from [15](see inequality (5.46), p. 183) and obtain that

||(—A+/\I)OJ||L1>(Q) > C/\HOJHLP(Q). (26)
By combining the inequalities (23)-(26) we may get the following inequality
C
r) <+ el 27
lollze () < 5 |\U2HWP+;(Q) (27)

where ¢ is as in (16). The interpolation of (24), (25) and (27) leads us to the inequality

[wllws @) < ull eep s (28)

AT )
where 0 < s < 2 and ¢ is as in (16). Thus, due to (18), (28) and the conditions of this
lemma we have
ow
1A%, voin = A, viia By, 00) < 1157 8s, 00)-

Using (28) we can estimate the latter term as follows:

ow C
15, o < Wellagsomy < OMoll sonay € o ual ey - (29

Since § < 1 — 1% taking into account the boundedness of the norm of us in A we may
conclude from (29) that Lemma 2.1 is completely proved. O
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We are in the position now to estimate the normalized eigenfunctions of the mag-
netic Schrodinger operator.

Lemma 2.2 Under the assumptions (14) for the coefficients A and V' the orthonor-
mal eigenfunctions ¢ (x) satisfy the estimate

leorllws @) < C(Ak +po)2 (30)
where 0 < s <2, p> 5 and po is as in (5).

Proof. Let A\ be an eigenvalue and ¢y (z) corresponding orthonormal eigenfunction.
Then the inequality (5) ((6)) can be rewritten for f = ¢y as

B 1 _lz—y|?
e~ Outio) |y (2)] < (\/4—7#)"/6 W |ow(y)| dy

Q

1 (/ i )5 ( 1 >2
< = ay) = (=) .
( 47'(t)” n 8t

The latter inequality immediately implies

e \% n
lorllzio < (5=) " O+ po) ¥

and
lekllr @) < C(Ak + po)*, (31)

where 1 < p < oo and constant C' > 0 depends only on n, p and Vol(Q).

Rewriting the equation for the eigenfunctions ¢y (z) in the form
(=A + pol =204 -V =iV - A4 |A? + V)pp(z) = O + po)pr(z), =€,
vr(z) =0, =x€dQ,
and applying the inequality (23), we obtain for any p > % that
lerllwz @) < COk + po)llekllLe@) < COk + po)' 1. (32)

Now by interpolating (31) and (32) we may obtain (30). Thus, Lemma 2.2
is proved. a

The next lemma shows us the representation for the kernel of the operator A ; |, A

Lemma 2.3 Forl=n+1 and f as in (16) we have

(di)l (A&wxf(ﬂﬁ)) = /gz(axy,k)f(y) do(y), (33)

o0
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where g; 1s defined by

o0 Opk(z) Opk(y)

gie,y X) = (C)UY S e (34)
k=1

A > po and the right-hand side is convergent in LP(92 x 02).

Proof. Integration by parts for the problem (15) with f from (16) and A > po leads
to

- [ g, Lot o). (@)

where G(z,y, ) is the Green’s function of (Hm)p + Al defined in (8)-(10) and v,
denotes the outward normal vector in y. In our case the Green’s function is given by

00 onlz
(z,y, A Z )(\k . (36)
k=1

Since u solves the problem (15)-(16) (u therefore depends on A also) then using J.
von Neumann spectral theorem it can be easily proved by induction that

l
(dd)\) u(@,A) = (=)' (Hm)p + M) u(z,2), 1=1,2, ... (37)

The operator ((Hy,)p + AI)~" is well-defined by the spectral theorem and it is the
integral operator with kernel denoted by G(z,y, A)

_ o= ee(@)en(y)
Gl(irvya)‘)_kzl (Ak+)\)l .

This fact allows us to represent ((Hp,)p 4+ M)~ u(z, \) as follows

() r + 2D uteN) = [ Guley Aty A dy = DU gy

1
= (A+A)
where wuy(A) is given by
w) = [ ety ) dy
Q
Integration by parts in the last equality gives us
_ 1 e (y)
w) =55 | ) doty). (39)

o0
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Combining (38) and (39) we obtain the following equality

&Dk(y

(Hon) + A / Z Aﬁjxl do(y) (10)

which coincides for [ = 0 with (35).

Since u solves the boundary value problem (15)-(16) using (18) we can obtain

(&) (ravars@) =2 ((Cji)lu(m) -

Thus, the equalities (37) and (40) give us that (33) and (34) are formally obtained.
This lemma will be proved if we show the convergence of the series (34) in LP (9 x09).
To this end, the inequality (30) from Lemma 2.2 and Sobolev’s imbedding theorem
allow us to conclude that for any 0 < <1 — %

Opy,
=5,

Lles 1 n
||Lp 89) < C||<Pk||35+1(agz) < CH(pkHWerlJr%(Q) < C()\k +NO>2( +1+p)+4.

By using this estimate and taking now m = n + 1, we have

|9 |2
Lr(0Q)
|| /gl 2,9, N f (1) do(9) | o gon) < OZT;HHM o)
< C|lf 5,00 :
kz:l Ak + Ho) +1_%_6

Since 0 < § < 1 — % then due to Corollary 1.3 of Theorem 1.1 the latter series
converges and therefore, Lemma 2.3 is completely proved. a

3. Borg-Levinson theorem

Classical one-dimensional Borg-Levinson theorem is formulated as follows: let g be
real valued potential in L°°(0,1) and y(z, A) solves the initial value problem

—y"(z,A) + q(x)y(z, A) = Ay(z,A),  y(0,A) =0,y/(0,A) = 1.
Define the Dirichlet eigenvalues A\;(g) by the condition
y(17 Ak) =0

and define the norming constants ¢ (q) by

Ck(q):/o v (x, \p) de.
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The result of Borg [1] and Levinson [6] is:
If forall k=1,2,...
Ak(q1) = Ae(q2),  cr(qr) = celq2),
then ¢ = ¢o. It can be reformulated as follows. If for all k = 1,2, ...

Me(q1) = Mela2)s w1, Aes 1) = v (1, As g2),

then ¢; = ¢2. Thus, the Dirichlet eigenvalues and normal derivatives of the eigen-
functions at the boundary uniquely determine a potential. We generalize the latter
formulation of Borg-Levinson theorem for multidimensional case. The first result is:

Theorem 3.1 Assume that ffj e Wy(Q) and V; € LP(Q), j = 1,2, for some p >
5,n > 2. Assume in addition that Ay(z) = Ay(z) at the boundary OS). Assume also
that for each k =1,2, ...

Ak(A1, V1) = (A, Va) (41)
and 06 96
(A1, Vi) = 2 (0 Ay, Vo). (42)
Then for all X > po
AX17V1+)\ = AA},VH»A' (43)

Proof. From the conditions (41), (42), and Lemma 2.3 it follows that for all A > g

d n+1
<d)‘) <AX17V1+Af(m) B AX27V2+)\f(x)> =0

for any f € B;p(GQ) and p > 5. This equation reads as

n
AA“1,V1+A - AA},V2+A = Z)‘]Lja (44)
j=0

where L; are bounded operators from B} (9Q) to LP(0S2). But Lemma 2.1 implies
that the polynomial in the right-hand side of (44) is zero. Hence, At . |\ = A4
for all A > pg. Thus, Theorem 3.1 is proved. O

Using now the paper of Salo [11] (see also very resent result of Paivérinta, Salo
and Uhlmann [10]) we obtain

Theorem 3.2 (Borg-Levinson) Ifffj e WL(Q) and V; € L>=(Q), j =1,2,n > 3,
and all conditions of Theorem 3.1 are satisfied, then

dA_’l = dffg, V1 = VQ,
where the 2-form dA of the vector A= (a1,a2,...,a,) is defined by

dA="Y" (aa’“—‘%) dz® A da.

Py Ox; Oz
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Historical remarks

—

The multidimensional Borg-Levinson theorem for the Schrédinger operators (A = 0)
for the first time was proved by Nachman, Sylvester and Uhlmann [7] for the potentials
V € C°°(€). Their proof remains however valid if one assumes that V € L>(Q). The
proof uses the convolution type estimates of the Green’s function for the Schrodinger
operator in the weighted L?—spaces. Finally, the problem is reduced to the fact
that the Dirichlet-to-Neumann map uniquely determines such potentials [14]. The
same result was obtained independently by Novikov [8]. For singular potentials V' €
LP(Q), 5 < p < oo,n > 2, this theorem was proved by Piivirinta and Serov [9]. For
inverse boundary spectral problems on Riemannian manifolds some related results
were proved by Kachalov, Kurylev and Lassas [4] (see also [5]). As far as we know
Borg-Levinson theorem for the magnetic Schrédinger operators is never met in the
literature.
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