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ABSTRACT. In this article, we give some notes concerning the 
convolution of the periodic distributions and the analytic representation of 
their Fourier transforms. 
 

1. Introduction 
A distribution ܶ ∈ ݈ is called ′ܦ െperiodic distribution, where  ݈  0, if 

it satisfies  
ሺݏܶሻሺݐሻ ൌ ܶሺݐ െ ݈ሻ ൌ ܶሺݐሻ, 

where  ݏ is the translation operator. 
It is clear that if ܶ has a period ݈, then ܶ, also, has a period ݈݇, where ݇ 

is an arbitrary integer. 
Since 

ܶݑݏ ൌ ݐሺܶݑݏ െ ݈݇ሻ ൌ ܶݑݏ  ݈݇, 
we see that the periodic distributions have unbounded supports, from which  
it follows that they can not  be convolved.  

The subspace of all ݈ periodic distributions in ܦ′ is denoted by 	ܦ
′. 

 

We say that the function ߮ is a periodic test function if is infinitely 
differentiable and periodic. The space of all such functions is denoted by ܲ. 
The convergence in the space ܲ is defined as follows: 

 

A sequence ሺ߰ሻ∈ே  converges in the space ܲ to the function ߰, if the 

sequence ሺ߰
ሺሻሻ converges uniformly to the function  ߰ሺሻ, for arbitrary ݇. 

 

Any test function ߮ ∈ ܦ  generates a unique test function ߰ ∈ ܲ 
through the expansion 

߰ሺݐሻ ൌ  ߮

∞

ୀି∞

ሺݐ െ ݈݊ሻ 
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Actually, over any bounded  ݐ interval there are only a finite number of 
nonzero terms in this series since ߮ has bounded support. Thus, we may 
differentiate the series term by term, and get that 

߰ሺሻሺݐሻ ൌ  ߮ሺሻ

∞

ୀି∞

ሺݐ െ ݈݊ሻ,										݇ ൌ 1,2,… 

It is important to note that, if  ሺ߮ሻ converges to the function ߮ in ܦ, 
then the correspondent sequence of the periodic functions  ሺ߰ሻ converges 
to the function ߰ in ܲ.   

Another type of functions that we will make use of, are the so-called 
unitary functions. 

A function ߙሺݐሻ ∈  is said to be a unitary function with respect to ݈ if ܦ
it satisfies  

                                             ∑ ∞ߙ
ୀି∞ ሺݐ െ ݈݊ሻ ൌ 1	                              (1) 

for all ݐ ∈ ܴ.  
The set of all functions which satisfy (1) is denoted by ܷ. Here, we 

present a construction of a unitary function. 

Let ߚ ∈ ∞ܥ  such that ߚሺݐሻ ൌ 0  if  ݐ  0 , and ߚሺݐሻ ൌ 1  if ݐ  ݈  and 
0  ሻݐሺߚ  1, for ݐ ∈ ܴ. Then 

ሻݐሺߙ ൌ ሻ൫1ݐሺߚ െ ݐሺߚ െ ݈ሻ൯ ൌ ቐ
ݐ	ݎ݂			,0  0
ݐ	ݎ݂			,1 ൌ ݈
2݈	ݎ݂			,0  ݐ

 

is such that 0  ሻݐሺߙ  1 and ߙ ∈ ܷ. 
From  

∑ ∞ߙ
ୀି∞ ሺݐ െ ݈݊ሻ ൌ 1, 

it is clear that  
∑ ∞ሺሻߙ
ୀି∞ ሺݐ െ ݈݊ሻ ൌ 0, 

for ݐ ∈ ܴ, ݇ ∈ ܰ, ([4], p.246). 

Clearly, if  ߰ ∈ ܲ and  ߙ ∈ ܷ, then  ߰ߙ ∈  Also, if ሺ߰ሻ converges .ܦ
in ܲ to  ߰, then  ߰ߙ converges to ߰ߙ in ܦ.  

The space of all linear functional, defined on the space ܲ and which are 
continuous with respect to the convergence is denoted by  ܲ

′. 

For instance, if  ܶ ∈ ܦ
′ , then, by ܣܶ, we denote the functional on  ܲ 

defined by the formula 
ܶ߰ܣ ൌ൏ ܶ, ߰ߙ ൌ ܶሺ߰ߙሻ. 
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It is easy to see that the functional ܵ ൌ  ,ܶ is linear on ܲ, furthermoreܣ
if the sequence (߰ሻ converges to the function ߰ in ܲ, then the sequence 
ሺ߰ߙሻ converges to the function ߰ߙ in ܦ, and since ܶ ∈   we have that ′ܦ

ܵ߰ ൌ ܶሺ߰ߙሻ → ܶሺ߰ߙሻ ൌ ܵ߰, 
Hence ܵ ∈ ܲ

′.  

It is known that the definition of ܵ is independent of the choice of ߙ of 
ܷ ([4],p.248). 

Now, we consider ܣ as a mapping from ܦ
′ into ܲ

′. It is linear and if the 
sequence of distributions ሺ ܶሻ  converges to the distribution  ܶ , then the 
sequence  ሺܣ ܶሻ converges to ܣܶ in ܲ

′ sense. In [4], it is proved that ܣ is 
a continuous isomorphism from ܦ

′  into ܲ
′ . Hence, for every ∈ ܲ

′  , there 
exists a unique 	ܶ ∈ ܦ

′  such that ܵ ൌ ܶܣ  and, because of this, we write 
ܶ ∙ ߰ in place of ܣܶ߰  i.e. 

ܶ ∙ ߰ ൌ൏ ܶ, ߰ߙ , 
where ߙ is of ܷ and ߰ belong to ܲ. 

In the theory of distributions, it is well known that, if  ܶ ∈  has a ′ܦ
compact support, then 

 ܶሺݐ െ ݈݊ሻ

∞

ୀି∞

∈  ′ܦ

is a periodic distribution with period ݈.  

For example, if  ܶ ൌ ߜ , the Dirac (delta) distribution, then the 
distribution 

ߜ ൌ
1
݈
 ݐሺߜ െ ݈݊ሻ

∞

ୀି∞

∈ ܦ
′ 

belongs to ܦ′ and, for ݈ ൌ  we have that ,ߨ2

ଶగߜ ൌ
ଵ

ଶగ
∑ ݐሺߜ െ ∞ሻߨ2݊
ୀି∞ . 

Now, let  ଵܶ and ଶܶ be two distributions in ܦ
′ and let the function ߰ belongs 

to ܲ. We define a functional  
ܵ߰ ൌ൏ ଵܶሺݐሻ ⊗ ଶܶሺ߬ሻ, ݐሺ߬ሻ߰ሺߚሻݐሺߙ  ߬ሻ , 

where ߙ and ߚ are in ܲ and ଵܶ ⊗ ଶܶ is the tensor product of  ଵܶ and ଶܶ.  
Since the function ߙሺݐሻߚሺ߬ሻ߰ሺݐ  ߬ሻ  is a test function of two variables 
ሺݐ, ߬ሻ, one can easily verify that ܵ ∈ ܲ

′. Since ܣ is an isomorphism, there 
exists a unique ܶ ∈ ܦ

′ such that ܣܶ ൌ ܵ. This distribution ܶ is denoted by 
ܶ ൌ ଵܶ∆ ଶܶ and ܶ is called the convolution of  ଵܶ and  ଶܶ. 
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From the properties of the tensor product, it follows that the 
commutative and the associative laws, i.e. 

ଵܶ∆ ଶܶ ൌ ଶܶ∆ ଵܶ, 
ଵܶ∆ሺ ଶܶ∆ ଷܶሻ ൌ ሺ ଵܶ∆ ଶܶሻ∆ ଷܶ 

hold. 

Also, the following properties 

ߜ∆ܶ .1
ሺሻ ൌ ܶሺሻ, 

ߜ∆ܶ .2 ൌ ܶ,  

3. ሺ ଵܶ∆ ଶܶሻ
ሺሻ ൌ ଵܶ

ሺሻ∆ ଶܶ ൌ ଵܶ∆ ଶܶ
ሺሻ,  

ሺݏ .4 ଵܶ∆ ଶܶሻ ൌ ݏ ଵܶ∆ ଶܶ ൌ ଵܶ∆ݏ ଶܶ 
hold as well. 
In particular,  

ܶ∆ሾ߰ሿ ൌ ሾܶ∆߰ሿ ൌ ሾܶሺ߬ሻ߰ሺݐ െ ߬ሻሿ, 
is true for ߰ ∈ ܲ. The function  ܶሺ߬ሻ߰ሺݐ െ ߬ሻ ∈ ܲ ([5], p.253). 

Our first note is motivated from the function  ܶሺ߬ሻ߰ሺݐ െ ߬ሻ.  
 

2. Convolution of a distribution ࢀ ∈ ࡰ
ᇱ with a function ࣒ ∈  .ࡼ

We know that the convolution of a distribution ܶ of ܦ′ with a function 
߮ ∈    is defined with ܦ

ሺܶ ∗ ߮ሻሺݐሻ ൌ൏ ܶሺ߬ሻ, ߮ሺݐ െ ߬ሻ  
and the same definition holds if ܶ has compact support and  ߮ ∈  .∞ܥ

Analogously  as above, we define  
ሺ߰ܣሻሺݐሻ ൌ ሺܶ∆߰ሻሺݐሻ ൌ ܶሺ߬ሻ ∙ ߰ሺݐ െ ߬ሻ. 

The function ሺ߰ܣሻሺݐሻ  is called a convolution of the distribution 
ܶܣ ∈ ܲ

′ with ߰ ∈ ܲ. 
Let us now consider ܣ as a transformation of ܲ into ܲ.  

It is evident that ܣ is linear. Furthermore, since  
ሺ߰ܣሻሺݐሻ ൌ൏ ܶሺ߬ሻ, ݐሺ߬ሻ߰ሺߙ െ ߬ሻ ൌ൏ ,ሺ߬ሻܶሺ߬ሻߙ ߰ሺݐ െ ߬ሻ 

ൌ ሺሺܶߙሻ ∗ ߰ሻሺݐሻ 
߰ is with compact support and ܶߙ) ∈ ሻ߰ܣwe conclude that ሺ (∞ܥ ∈ ܲ. This 
is in fact another proof for the properties of the function  ߰ܣ.  

Since  
ሻݐሻሺ߰ܣሺݏ ൌ ሺ߰ܣሻሺݐ െ ݄ሻ ൌ൏ ܶሺ߬ሻ, ݐሺ߬ሻ߰ሺߙ െ ߬ െ ݄ሻ ൌ 
൏ ܶሺ߬ሻ, ݐ߰ሻሺݏሺ߬ሻሺߙ െ ߬ሻ ൌ ܶሺݏ߰ሻሺݐ െ ߬ሻ ൌ  ሻݐ߰ሻሺݏሺܣ

we have that the mapping ܣ is a translation invariant.  
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Now let the sequence ሺ߰ఔሺݐሻሻ converges to the function ߰ in ܲ sense. Then 
ሺሺܶߙሻ ∗ ߰ఔሻ  converges to ߰ܣ and, hence, ܣ is continuous with respect to 
the convergence in ܲ. 

 
The converse. We will prove that, if the mapping ܣ: ܲ → ܲ  has the 

above properties, then there exists a unique periodic distribution ܶ  of ܦ
′ 

such that  
ሺ߰ܣሻሺݐሻ ൌ ሺܶ∆߰ሻሺݐሻ. 

Proof. The proof is similar as the proofs in ܦ′ and in ܦ, ([6], pg.173). 
We define the mapping ܵ in the following way 

                                        ܵ ൌ ሺ߰ܣሻ∨ሺ0ሻ.			                                (2) 
It is clear that the mapping ܵ is a linear functional which is continuous 

with respect to the convergence of the sequence in ܲ . Namely, if the 
sequence ሺ߰ఔሻ  converges to the function ߰  in ܲ  as ߥ → ∞ , then the 
sequence ሺ߰ఔሻ∨ሺ0ሻ, also, converges to the function ሺ߰ሻ∨ሺ0ሻ, hence ܵ ∈ ܲ

′. 
Also, ߰ܣѱሺݐሻ ൌ ѱሻሺ0ሻ߰ܣ௧ሺିݏ ൌ ܵሾሺିݏ௧߰ѱሻ∨ሿ , and the isomorphism 
:ܣ ܦ

′ → ܲ
′ guarantee that there exists a unique ܶ of ܦ

′ such that 
ܵሾሺିݏ௧߰ѱሻ∨ሿ ൌ  .∨௧߰ѱሻିݏܶሺܣ

Consequently, we obtain  
ሻݐѱ߰ሺܣ ൌ൏ ܶሺ߬ሻ, ௧߰ѱሻ∨ሺ߬ሻିݏሺ߬ሻሺߙ ൌ 

൏ ܶሺ߬ሻ, ݐሺ߬ሻ߰ѱሺߙ െ ߬ሻ ൌ ܶሺ߬ሻ ∙ ߰ѱሺݐ െ ߬ሻ ൌ ሺܶ∆߰ሻሺݐሻ. 
For example, 

݂ ଵ

௦௧
∆ሾ1ሿ ൌ 0. 

 
3. Tempered functions for the periodic distributions 
In this section, we will determine the tempered functions for the 

periodic distributions. It is known that for any tempered distribution ܷ ∈ ܵ ′, 
it exist a continuous function ݂ such that ݂ሺݐሻ ൌ ܱሺ|ݐ|ఈሻ and ܷ ൌ ሾ݂ሿሺሻ , 
for some ݉ ൌ 0,1,2, …. 

The proof for the existence of such function is not easy, ([1] p. 171), but 
for ܶ of ܦ

′ , it is easier to determine this function by using the Fourier series 
for ܶ. Indeed, let  ܶ ∈ ܦ

′, then  
ܶ ൌ ሾܾሿ  ∑ ܾఔሾ݁ఠఔ௧ሿ∞

ఔୀି∞ , 

where ω=
ଶగ


 and ܾఔ ൌ

ଵ


ܶ݁ିఠఔ௧ are the Fourier coefficients for ܶ, and, for 

ߥ ് 0, there exists ܽ  0 and an integer ݇ such that |ܾఔ|    .|ߥ|ܽ
Let us consider the function  
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݃ሺݐሻ ൌ  ܾఔ
݁ఠఔ௧

ሺ݅߱ߥሻାଶ

∞

ఔୀି∞

 

(ܾ is not in the sum). In accordance with the estimate of ܾఔ, where ߥ ് 0, it 
follows that ݃ሺݐሻ is a continuous, periodic function and  ݃ሺݐሻ ൌ ܱሺ|ݐ|ሻ. 
Since  

ܶ ൌ ሾܾሿ  ∑ ܾఔሾ݁ఠఔ௧ሿ∞
ఔୀି∞ , 

we write  

ܶ ൌ ቀ బ
ሺାଶሻ!

ାଶቁݐ
ሺାଶሻ

. 

Consequently, the desired function is  

݂ሺݐሻ ൌ
ܾ

ሺ݇  2ሻ!
ାଶݐ  ݃ሺݐሻ 

or,  in the distributional sense, it is  
ܶ ൌ ሾ݂ሿሺାଶሻ. 

 
4. Analytic representation for the Fourier transform in ࡰ

′  
Here we consider the space ܦଶగ

′ . Let  ܶ ∈ ଶగܦ
′  . Then there exists a 

continuous  function 

݃ሺݐሻ ൌ  ݀ఔ

∞

ఔୀି∞

݁ఔ௧ 

such that ݃ሺݐሻ ൌ ܱሺ|ݐ|ሻ  and ܶ ൌ ሾ݀ሿ  ሾ݃ሺݐሻሿሺାଶሻ  for some integer ݇ , 
and  

ܶ െ ሾ݀ሿ ൌ ሾ݃ሺݐሻሿሺାଶሻ 
for ݇  െ2.  
The function ሺെ݅ݖሻାଶܨሺ݃, ݖ ,ሻݖ ൌ ݔ    where , ݕ݅

,ሺ݃ܨ ሻݖ ൌ

ە
ۖ
۔

ۖ
ۓ න ݃ሺݐሻ݁௧௭݀,ݐ			ݎ݂		ݕ  0

∞



െන ݃ሺݐሻ݁௧௭݀,ݐ			ݎ݂		ݕ ൏ 0


ି∞

 

is analytic representation for the Fourier transform ܨሺܶ െ ሾ݀ሿሻ , ([1], 
p.128). Since 

ሺܶܨ െ ሾ݀ሿሻ ൌ ሺܶሻܨ െ ሺሾ݀ሿሻܨ ൌ ሺܶሻܨ െ  ,ߜ݀ߨ2
we have that 

ሺܶሻܨ ൌ ሺܶܨ െ ሾ݀ሿሻ   ߜ݀ߨ2
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And, from here, we conclude that the analytic representation of the Fourier 
transform ܨሺܶሻ is the function  

ሺെ݅ݖሻାଶܨሺ݃, ሻݖ െ ݀2ߨ
1

ݖ݅ߨ2
ൌ ሺെ݅ݖሻାଶܨሺ݃, ሻݖ െ

݀
ݖ݅

 

for ݖ݉ܫ ് 0. 

Example. Let ܶ ൌ ݂ ଵ

௦௧
. This distribution is 2ߨ െ	periodic and its 

Fourier series is 

ܶ ൌ 2 ሾsinሺ2݉  1ሻ ሿݐ
∞

ୀ

 

and belongs to ܦ′. The function  

݂ሺݐሻ ൌ 
െsinሺ2݉  1ሻ ݐ
ሺ2݉  1ሻଶ

∞

ୀ

 

is 2ߨ െ	periodic and continuous function and, since 
|݂ሺݐሻ|  ∑ ଵ

ሺଶାଵሻమ
∞
ୀ , 

we have that ݂ሺݐሻ ൌ ܱሺ|ݐ|ሻ and it is a regular distribution of ܵ ′. 

ሾ݂ሿሺଶሻ ൌ ሾsinሺ2݉  1ሻ ሿݐ
∞

ୀ

ൌ ܶ 

Consequently, the analytic representation of the Fourier transform ܨሺܶሻ is 
the function 

ሻݖሺܪ ൌ ሺെ݅ݖሻଶ

ە
ۖ
۔

ۖ
ۓ න ݃ሺݐሻ݁௧௭݀,ݐ			ݎ݂		ݕ  0

∞



െන ݃ሺݐሻ݁௧௭݀,ݐ			ݎ݂		ݕ ൏ 0


ି∞

 

where ݖ ൌ ݔ    and hence ,ݕ݅
lim௬→ା  ሾܪሺݔ  ሻݕ݅ െ ݔሺܪ െ ݔሻ݀ݔሻሿ߮ሺݕ݅

∞

ି∞ ൌ൏ ,ሺܶሻܨ ߮ . 
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