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COMPLETE SOLUTION OF THE DIOPHANTINE EQUATION
$2+5a'11b:yn

G. SOYDAN AND N. TZANAKIS

ABSTRACT. The title equation is completely solved in integers (n,z,y,a,b), where n > 3,
ged(z,y) = 1 and a,b > 0. The most difficult stage of the resolution is the explicit resolution of
a quintic Thue-Mahler equation. Since it is for the first time -to the best of our knowledge- that
such an equation is solved in the literature, we make a detailed presentation of the resolution;
this gives our paper also an expository character.

1. INTRODUCTION

The title equation belongs to the general class of Diophantine equations of the form
(1.1) 2?2+D=y", z,y>1, n>3,

where D is a positive integer all whose prime factors belong to a finite set S of at least two
distinct primes. All solutions of the Diophantine equation have been determined for various
sets St In [21] for S = {2,3}, in [22] for S = {2,5}, in [10] for S = {2,11}, in [23] for S = {2, 13},
in [I3] for S = {2,17}, S = {2,29}, S = {2,41}, in [32] for S = {2,19}. Note that, in all these
cases, S = {2, p}, where p is an odd prime. The case of S = {2, p}, with a general odd prime p,
was recently studied by H. Zhu, M. Le, G. Soydan and A. Toghé [38], who gave all the solutions
of 22 + 29" =y > 1,y > 1, ged(x,y) =1, a > 0,b > 0, n > 3 under some conditions.

Several papers deal with the Diophantine equation when S contains at least two distinct
odd primes. Thus, all solutions of the Diophantine equation were given in [2] for S =
{5,13}, in [28] for S = {5,17}, in [30], [3I] for S = {7,11} -except for the case when ax is
odd and b is even-, in [6] for S = {11,17}, in [I7] for S = {2,5,13}, in [9] for S = {2,3,11},
in [15] for S = {2,5,17}. In [27], Pink gave all the non-exceptional solutions of the equation
(1.1)) (according to the terminology of that paper) for S = {2,3,5,7}. A survey of these and
many others can be found in [6], [I]. Very recently, the equations with S = {2,3,17} and
S ={2,13,17} were solved in [16].

In [II], I.N. Cangul, M. Demirci, G. Soydan and N. Tzanakis gave the complete solution
(n,a,b,x,y) of the Diophantine equation for S = {5,11} when gcd(x,y) = 1, except for
the case when abz is odd. In this paper we treat this remaining case, proving thus the following:

Theorem 1.1. For the integer solutions of the equation
(1.2) 2245110 =9 >3, 2,y >1, ged(z,y) =1, a,b>0,

the following hold:
If n = 3, the only solutions are: (a,b,z,y) = (0,1,4,3), (0,1,58,15), (0,2,2,5),
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(0,3,9324,443), (1,1,3,4), (1,1,419,56), (2,3,968,99), (3,1,37,14), (5,5, 36599, 1226).

If n = 4 there are no solutions (a, b, x,y) and, for n = 6, the only integer solution is (a,b, z,y) =
(1,1,3,2).

If n =15 orn > 17, the equation has no integer solutions (a,b, x,y).

The proof of Theorem is already accomplished in [I1, Theorem 1] for the following cases:
(A) n=3,4,6, and (B) n > 5,n # 6 and either (i) ab is odd and z is even, or (ii) at least one
of a,b is even. Therefore, what remains is:

To prove that, if n > 5 is prime, then the equation (1.2) has no solution
(a,b,z,y) with abx odd.

This paper has two objectives, the first one being displayed above. Second is the systematic
discussion in Section |3| of the resolution of the quintic Thue-Mahler equation which, along
with the three Appendices (see “Plan of the paper” below) lends also an expository character
to the paper, as it presents in detail the application of the method of N. Tzanakis & B.M.M. de
Weger [34] to the explicit resolution of a quintic Thue-Mahler equation. To the best of our
knowledge, in the literature it is the first example of explicit resolution of a quintic Thue-Mahler
equation. Indeed, in [34], the worked example is a cubic Thue-Mahler equation; those days —
almost 25 years ago— the available software was not as developed as to support the application
of the method to a quintic Thue-Mahler equation; even until today, only very few works are
published in which Thue-Mahler equations are explicitly solved and none of them deals with a
quintic equation; more specifically: In [I1], I.N. Cangul, M. Demirci, G. Soydan and N. Tzanakis
need to solve —successfully— a quartic Thue-Mahler equation. In [19], Dohyeong Kim proposes
a method different from that of [34] —with many examples— for the explicit resolution of cubic
Thue-Mahler equations, which exploits the modularity of elliptic curves over Q. M.A. Bennett
and S.R. Dahmen [4], in their study of generalized superelliptic equations need to consider some
special classes of Thue-Mahler equations. These are closely related to the so-called Klein forms,
which are defined as binary forms of the following shape: F(z,y) := F,(azx + by, cx + dy),

where (£ 1) € GLa(@). n € (2,3.4,5) and Fa(ovy) = (e + ). Falous) = la® + 1)

Fy(z,y) = zy(z* + %), Fs(x,y) = zy(z'® — 1125y° — '°). Thue-Mahler equations whose left-
hand side is a Klein form are considered. In the case of cubic Klein forms, Bennett and Dahmen,
implemented the method of [34]; for the purposes of their paper, explicit resolution of higher
degree Thue-Mahler equations was not necessary.

Finally, we mention Kyle Hambrook’s M. Sc. thesis [18], where the method of [34] is revisited,
certain improvements are included and, most importantly, a longﬂ MAGMA program is developed
for the automatic resolution of the general Thue-Mahler equation; the program needs as its input
only the coefficients and the primes of the equation. No examples of Thue-Mahler equations
of degree greater than three are discussed. As we checked, the program runs very successfully
with “reasonable” cubic Thue-Mahler equations. This work is, certainly, a good contribution to
the project of the automatic resolution of Thue-Mahler equations. However, in the case of our
quintic Thue-Mahler equation , it took 72 days on an Apple computer with the following
characteristics: Processor Intel i5, 2.5 GHz, 4GB RAM, 1600 MHz DDR3. Therefore, we
preferred to develop also our own MAGMA program, far less automatic than that of Hambrook,
which needs human intervention at various points. With this program, the resolution of the
quintic Thue-Mahler equation took less than 2 h 20’. Besides this huge difference in computation

IMore than 200 pages!
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time, this “primitive” type of computer-aided resolution, however, has the advantage that it
allows a rather transparent presentation of the very complicated resolution. It is our belief
that the experience in the “technical details” needed for the development of a very satisfactory
“Thue-Mahler automatic solver” requires the resolution of quite a number of specific Thue-
Mabhler equations (over Z) of degree < 6 (at least), with corresponding number fields of various
typesﬂ

Plan of the paper. In Section [2| we prove that equation has no solutions with abxr odd
and prime n > 7. Thus, we are reduced to proving that our equation has no solutions with abx
odd and n = 5. This is accomplished in Section [3] which is the heart of the paper and is divided
into two subsections. In Subsection [3.1] using standard algebraic Number Theory, we reduce
the equation 22 + 5%11° = ¢ -with ged(z,y) = 1 and abr odd- to the quintic Thue-Mahler
equation (3.5), whose right-hand side is —2°3*5*111%2, where z; = (a — 1)/2 and 2, = (b—1)/2
are now our non-negative unknown integers. Then, Subsection [3.2]is devoted to the resolution
of that Thue-Mahler equation, quite a complicated task. In order to make the exposition of
our resolution as clear as possible, we divided Subsection into nine (sub)subsections from
(sub)Subsection through (sub)Subsection
e In Subsection [3.2.1] using standard arguments from algebraic Number Theory along with
the valuable routines of MAGMA [3], we reduce our quintic Thue-Mahler equation to the ideal
equations and , in the right-hand side of which appear the unknown non-negative
integers z1 and zs.
e In Subsection @ working 5-adically, we prove that z; < 27 (implying a < 55).
e In Subsection [3.2.3| we we work 11-adically. Making also use of the upper bound z; < 27,
we are led to the following situation: Instead of solving one (quintic) Thue-Mahler equation in
which the exponents of the primes 5 and 11 are among the unknowns, we are led to solving 28
similar Thue-Mahler equations, with all having the same left-hand side and right-hand sides in
which only the exponent of the prime 11 is among the unknowns. This is certainly a profit; these
28 equations can be treated as one equation, namely, equation . In this last equation,
besides the unknown integer zo = (b —1)/2, three more unknown integers ay, ..., as make their
appearance; these are the exponents of the four fundamental units of the quintic field related
to the Thue-Mahler equation.
e In Subsection the aforementioned equation leads to the three-term S-unit equa-
tion ; this is the basic step towards the use of Linear Forms in Logarithms in both the
real/complex and the p-adic sense; consequently:
e In Subsection we are in a position to apply a powerful result of Kunrui Yu (Theo-
rem in this paper) which, given the algebraic numbers a1, ..., a, and a prime p, provides
an upper bound for the p-adic valuation of a?l ~-abr — 1, for any by,...,b, € Z, in terms
of logmax{3, |b1],..., \bnl}ﬁ Combining the result of this application with the instructions in
p. 238 of [34] we manage to bound 2o in terms of logmax{zs, |a1],...,|as|}. We remark here
that, in order to conform with the notation of [34], the recipes of which we follow very closely,
we denote z9 by nj.

2We mention here that very satisfactory automatic Thue solvers are included, for example, in PARI [26] and
MAGMA [3] since long time, and are based on Bilu-Hanrot’s improvement [7] of Tzanakis-de Weger [33] method for
solving Thue equations. The development of an automatic Thue solver is, certainly, a difficult job but, anyway,
much easier than an analogous job for a Thue-Mahler equation. We use the MAGMA Thue solver in Subsection
3.2.9
This is, actually, equivalent to giving a lower bound of the p-adic absolute value for a linear form in the
p-adic logarithms of ai, ..., any.
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e In Subsection we apply another strong result due to E.M. Matveev (Theorem
in this paper) which, given the algebraic numbers aq, ..., ap, providesﬂ a lower bound for
|bylogay + -+ + by log ay,|, for any by,...,b, € Z, in terms of logmax{3, |b1],...,|bn|}. Ap-
plying this theorem in our case and combining the result with the detailed instructions of [34]
§610,11], we obtain a numerical upper bound for H = max{n, |a1], |az],|as|, |as|}; see (3.23).
Then, this upper bound of H, in combination with the result of the previous Subsection [3.2.5

gives a specific numerical upper bound for nj, which is considerably smaller than H; see .
However, both upper bounds are huge, of the size of 103 and 1032, respectively and need to be
reduced to a manageable size, as discussed in [34], Section 13].

e In Subsection |3.2.7]we apply the so-called “p-adic reduction step”, which is described in detail
in Sections 12,14 and 15 of [34] and reduce the upper bound for n; to n; < 207.

e In Subsection we combine this extremely smaller upper bound with the (still remaining)
huge upper bound of H, and do the “real reduction step”, following the instructions of [34]
Section 16]. With this step we get the bound H < 231.

e In the final Subsection we discuss how we proceed with a further reduction, by succes-
sively repeating the “p-adic reduction” and the “real reduction” steps two more times, until we
obtain the bound (z3 =)ny < 21 and H < 34. At this point we don’t need the bound H < 34; as
explained in Subsection we are left with the task of solving 560 Thue equations , whose
right-hand sides runs through the set {—2°3%57111%2 : 0 < 21 < 27,20 = 0 or 3 < 2o < 21};
note that the left-hand sides of all these Thue equations are identical. For their solution we use
MAGMA’s implementation of Bilu & Hanrot’s method [7]. It turns out that no solutions exist
and this completes the proof that equation with abx odd and n = 5 has no solutions. Since
in Section |2{ we have also proved that equation with abz odd and n > 5 has no solutions,
we have completed the proof of Theorem

In the Appendices [A] through [B] at the end of the paper we collect some theoretical facts and
give some information about how these are realized in practice with the use of MAGMA [3]. We
also give the results of a few computations. The huge algebraic numbers in Appendix [B]are not
strictly necessary; however, they are useful in giving the reader a sense of what “monsters” are
involved in such a task. We hope that the appendices will make transparent our way of work
and friendly the reading of our paper.
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2. EQUATION (|1.2)) WITH abz ODD AND PRIME n > 7
Proposition 2.1. Equation (1.2)) has no solutions with xab odd and prime n > 7.

Proof. We assume that a solution (x,a,b,n,y) in which zab is odd and n is a prime > 7
does exist, and we put a = na; + « and b = nb; + 8, where 0 < «, 8 < n, so that our equation
becomes

(2.1) 59117 (=5411%)" 4 4 = 22,

4Under one or two mild conditions.
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Without loss of generality we assume that z =1 (mod 4). According to the notation etc of [29,
Section 14], this is a ternary equation of signature (n,n,2), so that it falls under the scope of
the recipe described in [29, §14.2]. Accordingly, we have the following table which shows how
we will apply that recipe in our case.

TABLE 1. Application of the recipe in §14.2 of [29]

] Notations/conditions in [29, §14.2] \ Interpretations in this paper

A 5118

B 1

C 1

T —50111%

Y Y

z x

general prime ¢ general prime ¢

D n
ordy(B) < p trivially satisfied
ordg(A) <p a,B<p
C square-free trivially satisfied

Since y is even, z = 1 (mod 4) and n > 7, our equation falls in case (v) of [29, §14.2] and we
deal with the elliptic curve

_1 n
E3:Y2—|—XY:X3+xTX2+Zé—4X.

According to a result of Bennett and Skinner [5, Lemma 2.1] (or [29, Theorem 16]), the dis-
criminant and conductor of this elliptic curve are, respectively

Ag = —27125°11°(571171%)" = —271%5°11%°", N3 =55Rad(y) =5-11]]a.
aly

where in the last product ¢ is prime. According to [29, Theorem 16 (c)], there exists a newform
f oflevel N,, =2-5-11 = 110, such that E3 ~,, f (E3 arises from f mod n; see [29, §5]).
A computation using MAGMA returns three rational newforms of level 110, namelyﬂ

i = -+ +d* " —®+5¢" — ¢ —2¢° + ¢"° + ¢** + O(¢"?)
fo = g+ +@+d" -+ —qd" +¢* —2¢" — ¢ — ¢ + 0(¢")
f5 = g+ -+ +¢ - " +3¢" +¢* —2¢° + ¢'* + ¢ + O(¢"?)

and a non-rational newform
fimg—+a® + '+ —ad® —aq’ = ¢ + (5 - )¢’ — ¢ — ¢" + 0(¢"),
where o? + a — 8 = 0, along with its conjugate newform.
Now we apply [29, Proposition 9.1] to ' = E3 and f = f;, i = 1,2,3,4. Our notation refers

to that Proposition. Since (X,Y) = (0,0) is a 2-torsion point on E3, we take t = 2. Also
N’ =110 and we choose the prime ¢ = 3, noting that £{ N" and ¢? { N3. Then,

S3={a€Z:-2V3<a<2V3, aiseven} ={-2,0,2}.

SBelow q denotes the “g-variable” of the modular form and has nothing to do with primes.
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Also, denoting by c3; the coefficient of ¢® in the newform f;, we compute

32.5  ifi=1,2
Ba( ) = (42 — (2. — ) = ’
() = (& =) ] (o - ew) {—32 5 ifi=3.
a€Ss
For the newform f; we compute
1
Bs(f4) =3- Noer(a)/QMQ —a?) H Normgq)/g(2k — o) = —3%.29,
k=—1
According to the conclusion of [29, Proposition 9.1], n must divide Bs(f;) for some i € {1,2,3,4},
which is impossible since we assumed that n is a prime > 7. O

3. EQuATION ({1.2)) WITH abzr ODD AND n =15

3.1. Reduction to the Thue-Mahler equation (3.5)). In view of Proposition we are
left with n = 3,5. The case n = 3 is already solved completely; see [I1, Proposition 2]. In
particular, the only solutions with abx odd are the following;:

(a,b,z,y) = (1,1,3,4), (1,1,419,56), (3,1,37,14), (5,5, 36599, 1226).
It remains to treat the title equation when n = 5 and xab is odd. We write our equation
(3.1) 2?5522 =20, =1 (mod4), y =2y, z=>50"1/2110-1)/2
and work in the field

1++/-55
=Ty

L =Q(p), (0* = p+14=0).

Using either PARI-GP [26] or MAGMA [3] we can obtain the following facts about the number-field
L:

e The class-number is 4.

b <2> = p2p/27 where py = <2ap>7 p/2 = <273 + p>

e The order of the ideal-class of both py and p, in the ideal-class group is 4. More

specifically, p3 = (2 — p) and p} = (1 + p).

* (p) =pa2(T7,p).
From (3.1) we obtain the ideal equation
(3.2) popb (y1)° = (@ + 2v/=55) (& — 2/=55) = (x — 2 + 2zp)(x + 2 — 22p)
Our first observation is that no prime ideal factor over an odd rational prime can divide both
ideal factors in the right-hand side of . Indeed, if p is a prime ideal over an odd rational
prime, then p|2z, hence p|x. But p|(z + z1/—55), hence p|zv/—55. It follows that p|55, which
contradicts ged(z,55) = 1.

Next we observe that 2 divides both z — z 4+ 2zp and x + z — 2zp. From (p) = p2(7, p)
we see that (2zp) = pap, x (ideal relatively prime to 2). Also x + z = 2 (mod 4) shows that
ordy, (z+2) =1 = ordy, (z +2). As a consequence, ordy, (z + 2 —2zp) = 1 = ordy, (z +z — 22p),
which implies that pa||(z + z — 2zp) and p)|[(x — z + 2zp). Similarly, starting from z —z = 0
(mod 4), we conclude that p)||(x — z — 2zp).

Combining the above small observations with , we conclude that

(3.3) (x — 2+ 2zp) = php3al, (z+ 2z — 2zp) = paph’al,

where a;, ay are relatively prime (integral) ideals, such that ajas = (y1).
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The first equation (3.3]) becomes
(x — 2 +22p) = phaj (2 — p).

Since the class-number is 4, the above ideal equation implies the ideal-class equation [1] =
[ph][a1] = [phai]. Therefore, pha; is a principal ideal, so that, on multiplying both sides of the
above displayed equation by p,* and setting pha; = (u + vp) (u,v € Z) we finally arrive at the
following (element) equation

(3.4) (1+p)(x—2+4+22p) = (2—p)(u+vp)".

In (3.4) we equate coefficients of p in both sides, as well as rational parts, obtaining thus the
following two relations:

3u® + 65vu* — 290v%u® — 2110v3u? + 9750 u + 31490° = —32 - 5e=1/211(-1)/2
23u5 — 355vut — 39300%u? 4 6010v3u? + 305150v%u — 23110° = —32z.
By multiplying both sides of the first displayed equation by 3% we get
(3u)® 4 65v(3u)* — 87002 (3u)? — 189900 (3u)? + 263250* (3u) + 2550690°
— 95 .34 5(a=1)/211(b=1)/2

In order to conform precisely with the notations of [34] the method of which we will apply in
this section, we set

Bu,v) = (z,y), z1=(a—1)/2, z=(0b-1)/2,

so that

(3.5) Normp/q(z — yd) = —2° - 3% 5711172,

where F' = Q(0) with g(¢) = 0 and

(3.6) g(t) = t° + 65t — 870> — 18990t> + 26325t + 255069,

with (polynomial) discriminant Dy = 23232511116,

3.2. Resolution of the Thue-Mahler equation (3.5)).

3.2.1. From equations to ideal equations and (@ We need the following arithmeti-
cal data for the number field F'.

e F'is a totally real field with class-number 1.
e An integral basis is 1, 52, 83, B4, 85, where

Bo=5(0+1), Bs=357(6°+20+9),

By = =5 (0% + 22762 4 36030 + 3969), 5 = e (0" + 80% + 14106% + 465120 + 9909).
e A quadruple of fundamental units is the following:
€1 = e (0 + 620 — 85202 — 18060 + 6435) (Norm(ei) = 1)
€2 = gsog(—0% — 1046° + 55807 + 352806 + 108027) (Norm(ez) = —1)
€3 = ggeap (0 + 770 + 24302 + 999 — 10260)  (Norm(es) = 1)
g5010 (

€ = 70* + 59603 4 573002 — 255960 — 210897) (Norm(esq) = 1)
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e Prime factorization of 2:
2= —6%6%63637@,
T2 = geog (176" 4 104863 — 1848662 — 2714406 + 1590381)  (Norm(ms) = —2)
e Prime factorization of 3:
3 = —m31m32
T31 = geogg (1301 + 8966 — 78066% — 2800080 — 861975) (Norm(ms) = 3)
T32 = zraeg (0% + 680° — 8100% — 2242860 + 105489)  (Norm(mzo) = —3%)
e Prime factorization of 5:
5= —61651€§€4W§
5 = geiqg (1360 + 89663 — 780667 — 2800080 — 671895)  (Norm(ms) = 5)
e Prime factorization of 11:
11 = Eflfglellﬁlﬂflﬂlw
T111 = goa55 (—0* — 560° + 155462 + 221040 + 43119)  (Norm(my1q = 11)
T2 = gaogg (01 + 686% — 8106% — 658860 + 57969)  (Norm(my12) = 11)
T113 = 37655 (— 1301 — 8960% + 78066 + 2800086 + 798615)  (Norm(myy3) = —11)

The above information combined with (3.5|) easily implies that we have the following possibilities:
(3.7) (@—yb) = (ma)®(ma1)*(ms)™ (1) (m112) "2 (m113)
(3.8) (@ —y0) = (m2)’(ma2)(ms)™ (m111)"* (m112) " (m113) "

where, in both cases,

(39) w1 + Wy + w3z = 29.

3.2.2. Treating 5-adically equations and (3.8). From the ideal equations (3.7) and (3.8)

we will compute an upper bound for the unknown exponent z;, using the “Second Corollary
of Lemma 1” in Section 5 of [34]. As a consequence, the equation will be replaced by a
rather small number of similar equations in which only the exponent zo will be unknown; this
is certainly a gain. With the notations of Sections 3,5 of [34] we have in our case:

TABLE 2. Application of “Second Corollary of Lemma 1” in [34] when p =5

Notations in [34), §§ 3,5] | Interpretations in this case and [references in this paper]
P 5
g(t) (83) 7 + 651 — 870¢* — 18990¢> + 26325t + 255069 [(3.6)]
m  (§3) 1; g(t) is irreducible over Qs, hence g(t) = g1(t)
p1, e1, d1 (83) (m5), 5,1 [page[132]
e (89) 5
Dy (85) 232312511116 [(3.6)]
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In view of the fact that m = 1 and e; = 5, the “Second Corollary of Lemma 1” in [34] implies
that 21 = ord; (z — y#) < Se - ords(Dp) = 55/2 hence,

(3.10) z1 <27, implying a < 55.
3.2.3. Treating 11-adically equations and @) Once again we use the notations of Sec-

tions 3,5 of [34]. Now g¢(t) = g1(t)g2(t)gs(t) is the factorization of g(¢) into irreducible polyno-
mials of Qq;[t], where

at)=t?+(3+3-114+8-112+9-11345- 114+ - )t + (5+7-112410- 113 +10-11* + - - - ),
@) =t2+B+5-11+5-1124+2- 114+ .. Yt + 5+ 113 4+7- 111 +...),
)=t —(T4+2-114+2-1124+10- 112 +7-11* + - -).

Let g1(61) =0, g2(02) =0, g3(03) = 0. Following the notation of the beginning of §5 of [34] we
denote the Q11-conjugates of the ;s as follows:

° Ggi), i = 1,2; the roots of g;(t), living in a quadratic extension of Qq;.
° GS), i = 1,2; the roots of ga(t), living in a quadratic extension of Q.
o 0 =03 =742 11+2-112410- 1134+ 7- 114 + --- € Qy3; the root of gs(t).

TABLE 3. Application of “Second Corollary of Lemma 1”7 in [34] when p = 11

Notations in [34, §§ 3,5] Corresponding values in this case
and [references in this paper]
P 11
g(t) (83) t° + 65t — 870¢° — 18990¢2 + 26325t + 255069 [(3.6)]
m (§3) 3; g(t) = g1(t)g2(t)gs(t) [beginning of Subsection [3.2.3]
p1, e1, di (m11), 2
pa, €2, da (§3) (m112), 2
p3, €3, d3 (m113), 1
jpoge [759)
e (85) 1
Dy (55) 22312511110 [(B.6)]
Since we intend to apply the Prime Ideal Removing Lemma [34, Lemma 1], we must compute
(3.11) max{e;, e;} - ordiy (617 — 6\), 0,5 € {1,2,3}, i #j,
where £k = 1 if ¢ = 3 and k € {1,2} if ¢ = 1 or 2; and analogously, | = 1 if j = 3 and
I € {1,2} if j = 1 or 2. According to the discussion in Appendix in order to compute
ordy1 (0 oF) — ]( ) for fixed 1 <4 < j < 3, it suffices to compute a polynomial h;;(t) € Q11[t] such
that hl] —6;) = 0. Moreover, since ord,(—a) = ord,(«), it is clear that it suffices to consider

only the Value (1,7) = (1,3), (2 3),(1,2).
Obviously, hs(t) = gi(t + 03), hence

his(t) =2+ (6+8-11+1124+8-1134+10- 11"+ - )t + (9+6-11+2-112 48 - 113 +---).
hos(t) = 24+ (64+10-11+9- 11249113 4+6- 11" +- - )t +(9+9- 11+ 112 +9- 113 4+9- 11 ..,
It follows that, when in (3.11)) we have (7,7) = (1,3),(2,3), then ordn(QEk) - 9](-1)) =0.
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When (7,7) = (1,2), the following lemma, whose proof is a matter of straightforward calcula-
tions, gives us a quartic polynomial hio(t) € Qq1[t] which has ng) — Ggl) as a zero (independent

from k,1).

Lemma 3.1. If 07 4+ a;0; +b; = 0 fori = 1,2, then 63 — 6y is a root of t* + cst> + cot® + c1t + co,
where
c3 = 2(&2 — (11), Cy = a% + a% — 3aias + 2by + 2by

cl1 = a%@ — a%al — 2bsa1 — 2a1b1 + 2a2by + 2b1as,

co = b% + b% + bga% + bla% — baajas — braias — 2bsb.

The constant term of hya(t) is 9-112+5-113+6-11*+- - - | hence 1} gives ord11(9§k) —Hél)) =
2/4=1/2.
In view of the above, when (7, j) = (1, 3) or (2, 3), the number (3.11]) is zero, therefore, statement
(i) of the aforementioned Prime Ideal Removing Lemma implies that = — y6 is divisible by at
most one prime among 7111 and 7113 (equivalently: w; = 0 or ws = 0) and by at most one
prime among 7112 and 7113 (equivalently: we = 0 or w3 = 0), hence

(3.12) either ws = 0 or (w1, w2) = (0,0).

When (i, 7) = (1, 2), the number is equal to 1, hence, again by statement (i) of the Prime
Ideal Removing Lemma, it follows that at most one among 7111 and 7112 divides x — y6 with
power > 1. If this actually occurs for m1; (i = 1 or 2), which means that ord,,,,(x —y6) > 1,
then statement (ii) of the Prime Ideal Removing Lemma implies that

1
ordyy, (@ = y0) < 2ordn (6 —6) =2 =1,

because, (051) — 9§2))2 being the discriminant of the polynomial g;(t), is equal to either 6 - 11 +

81124+ 0(113) if i = 1, or to 7-11 +2- 112 + O(113) if i = 2. This contradiction shows that
ordy,,,(x —yf) <1 for both i = 1,2, i.e.

(3.13) wi <1l (i=1,2).
If we combine (3.12) and (3.13)) we see that we have the following possibilities:
(3.14) (w1, wq,ws) = (0,0,ws), (0,1,0), (1,0,0), (1,1,0),

where in the first case we understand that ws can be “large”. The remaining three possibilities
combined with the relations (3.7) and (3.8]), lead us to

(x—y) = (m)®(ma1) (ms)™ (man)" (m112) "
(x—y8) = (m2)(ms2)(ms)™ (mian)* (m112)"2.
By , Zo = w1 + wo + w3 = wi +wy = 1,2, and by , 0 < 2z < 27. Taking norms in the
above relations, we obtain the following fifty six Thue equations (cf. :
(3.15) 25 + 65zty — 87023y% — 189902%y> + 26325zy* + 255069° = ¢
ce {25357 117 : 0< 2 <27, 1 < 2 <2},
The MAGMA routine for solving Thue equations, based on Bilu & Hanrot method [7] (which

improves the method of [33]) “answers” that there are no solutions at all. The computation
cost for this task is less than 2.5 seconds.
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In view of the above discussion, we are left with the first case in , hence we have to solve
the ideal equations (x—yf) = (m)?(m31)*(m5)% (m113)%3 and (x—y0) = (ma)5 (m32) (m5)*! (m113) "3,
where, in both cases, 0 < z; < 27.

To sum up, the solution of the equation is reduced to that of the equation

(3.16) r —yb = el €5’ es ey s
o € {mSmi mEt, mhmaemEt 1 0< 21 <27}, mp=w3 =2 =(b—1)/2.
in the unknowns (a1, az, a3, as,n1) € Z* x Z>o.

3.2.4. From equation to S-unit equation . Let K be an extension of F' such that g(t)
has at least three linear factors in K[t]. Actually, in our case, such an extension coincides with
the splitting field of g(t) over F' (see (3.6))). We have K = Q(w) and the minimal polynomial
of w over Q, denoted by G(t), is of degree 20 (see Appendix . Thus, there exist 80 (t) € Q[t]
(¢ =1,...,5), so that the Q-conjugates 01 of 0 are

0D (W) eQuw)=K  (i=1,...,5).

For every i € {1,...,5}, the i-th embedding F — K is characterized by § — () (w) and maps
the general element 3 € F to its i-th conjugate 3%)(w). This belongs to Q(w), hence it is a
polynomial expression in w, of degree at most 19, with rational coefficients.

On the other hand, if B is the prime ideal of K over (r13), mentioned in Appendix B’
then, by the discussion of Appendix |A] there is an embedding K — Ky = Qi1(wyp), where
Gy (wy) = 0 for a specific second-degree factor Gep(t) of G(t), irreducible over Q11; see Appendix
This embedding is characterized by w — wq, so that the 11-adic roots of g(t) are

09 (wyp) € Qlup) =Ky (i=1,...,5)
and, for every 3 € F, if the i-th conjugate of 3 over Q is () (w) (see a few lines above), then
the embedding w + wy maps 8 to B (wy).
If we work p-adically with p = 11, then, by 6@, 30)_ ... we will understand 6 (wy), 37 (wy), . . ;

and if we work p-adically with p = infinite prime, by 8@, () .. we will understand #®) (w), 8 (w), . . ..

Our discussion below applies to both cases of p.

Applying the i-th embedding to the relation (3.16)) we obtain the i-th conjugate relation
r— ya(@) _ a(i)egi)al ES)GQGéi)aseii)mﬂﬁ):}m ‘

Then, for i = ig, j, k, where ig,j, k € {1,...,5} are any three distinct indices, we obtain three
conjugate relations, analogous to the above. Eliminating x,y from the these three relations we
finally obtain (cf. [34), Section 7))

O\ [P rlod N A el \"
(3.17) Aol ) 11 @) =l o 11 o)
113 i=1 7 113 i=1 7

where

plio) — p(3) (k) ) — gk) (o)
glio) — k) " QU)’ 2T k) —glio) Q)
Now and until the end of the paper we put

(3.18) o1 =

H= max{nl, ’a1|a |CL2|, |a3‘7 |CL4|}

6See just above and below of relation li
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3.2.5. Equation implies an upper bound ny1 < ci3log H. We will prove the inequality in
its title of this subsection, where c13 is given by . Our main tool is the important Theorem
due to Kunrui Yu which, given the algebraic numbers «j,...,a, and a prime p, provides
an upper bound for the p-adic valuation of 0/1’1 -..abr — 1, for any by,...,b, € Z, in terms of
logmax{3, |b1],...,|bn|}.

We turn to the relation (3.17), which we view as an algebraic relation over Q1. According
to the discussion in Appendix I the 11-adic roots () € Cyq of g(t) are identified with 6;(wsyp)
(i=1,...,5).

We choose the indices ig, j, k following the instructions in [34], bottom of p. 235 and beginning
of p. 236 up to Lemma 3. According to the discussion therein, since w113 corresponds to the
polynomial g3(t) whose root is €5(wy) (cf. end of Appendix We must choose ip = 5; and
since 01 (wyp) and @3(wy) are (according to the end of Appendix (B} again) roots of the quadratic
irreducible polynomial gi(t) € Q11[t], we can choose j = 1 and k£ = 3. In view of [34, Lemma
3 (1)], ordn(ﬂﬁ/wﬁé) = 0 and by [34, Corollary of Lemma 2 (i)], ordn(egk)/ez(])) = 0 for
i=1,...,4. Also, since %) 0 are 11-adic roots of a second degree irreducible polynomial
over Qq1, it follows, according to the second “bullet” in page 236 of [34], that ord;;(d1) = 0.
These facts will be used in the application of Theorem

Also, the relation (13) of [34, Theorem 5] holds, which in our case reads ordy;(A\) = ordi1(d2)+
ny ﬂ A computation shows that ordj;(d) = 1/2 El, hence

(3.19) Ol"dn(/\) =ni + %

Now we are ready to apply Theorem With four minor corrections, this is Theorem 11.1 of
K. Hambrook’s thesis [I8]. It is a consequence of Theorems 1 and 3 of [37] and the Lemma in
the Appendix of [36].

Theorem 3.2 (Kunrui Yu). Let aq,...,ay (n > 2) be non-zero algebraic numbers and

K =Q(a1,...,an), D=[K:Q]
Let p be a rational prime, B a prime ideal of the ring of integers of K lying above p and
ep = ex/Q(B), fp = fx/o(B) the ramification index and residue class degree, respectively, of

Now define d and f as follows:
If p =2 then

D iferPeK fp if 273 e K
d= i 2m/3 ’ /= L 2m/3 :

2D ife*™/3 ¢ K max{2, fp} ife /3 K

If p>3 and p/* =3 (mod 4) then
d=D, f=re
If p>3 and p™ =1 (mod 4) then
Je D ife’/teK ) fy ife?™*c K orp=1 (mod 4)
2D ifer/tg K | max{2, fet if e3¢ K andp=3 (mod4)

7Actually, according to the relation (13) of [34, Theorem 5], n1 is multiplied by a positive integer h1, defined

in [34] Section 6], which is a divisor of the order of the ideal-class group. In our case, the ideal-class group is
trivial, hence h; = 1.

8By 1D and lb there are 56 possible values for ds.
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Put

1 5 3 ifp=2

- e

T:L, /{:{log<_p1>/logp—‘, Q=<4 ifp>3andp/ =1 (mod4),
b 1 ifp>3andp’ =3 (mod 4)

(160,32, 40,276,16,8)  if p = 2
(759,16, 20,1074,8,4)  ifp=3,d > 2
(537,16,20,532,8,4)  ifp=3,d=1
(1473,87,10,3947,8,4) ifp>5,ep=1,p=1 (mod4)
(K1, K2, K3, K4, K5, kg) = { (1282,87,10,3667,8,4) ifp>5,ep=1,p=3 (mod4),d>2,
(1288,87,10,3967,8,4) ifp>5,ep=1,p=3 (mod4),d=1
(319,16,20,402,8,4)  ifp="5, ep > 2
(1502,16,20,1372,8,4) ifp>T,ep>2,p=1 (mod4)
2190, 16,20,1890,8,4) ifp>T, ey >2,p=3 (mod4
B

(TL—i— 1)n+2dn+2 pf
(n—1)!  (flogp)

co = 5 max{1,log d} max{log(e*(n + 1)d), ex, flogp},

i = ry(ers)pm V" Hmax {h(ai)7 1} .
i=1

e2kgptd
Let by, ..., b, be rational integers and define

A=alabr — 1, B =max{3,|bi],..., |ba|}-

n
If X # 0 and ordgp(a;) =0 fori=1,...,n, then
co min{cj, ¢
Q ey

Now we apply Theorem to the A given in (3.17)), as interpreted in the beginning of this
section, with ig = 5,5 = 1,k = 3. Our application is briefly described in Table [l

ord,(\) < ¢ log B|E| Ao =

9We use the notation cho in order to conform with the notation of [34, page 238].
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TABLE 4. Application of Theorem

Notations in Theorem |3.2 ‘ Values in this paper ‘
n 6
(a1, b1) (61,1) [equation (3.18) with (ig, j,k) = (5,1, 3)]
(a2, b2) (71'%?)3/71'8?3, ny) [equation (3.17))]
(i, bi), (i = 3,4,5,6) (/e a;_5), (i = 3,4,5,6) [equation (3.17)]
K K [Appendix
D 20
P 11
B B [Appendix just above equation (B.1)]
(fp, ep) = (Fr/0(PB), ex/o(B)) (1,2); [(B.1)]
B maX{&nlv‘al’v’a2|7’a3‘7|a4‘}
o <9.9-10%

A remark has its place here: By and the definition of §; in we see that d; runs
through a set of cardinality 28, therefore, for each value of §;, we must compute the parameter
cjo- It turns out that, in all cases, cj, < 9.9 - 10%° and this is mentioned in the above table.
Also, in the notation of [34], the use of Theorem [3.2] always implies ¢}; = 0.

By writing a number of rather simple routines we automated the computations. Finally, by
setting ¢}, < maxg, ¢} and ¢}, <+ maxg, ¢j; we find ¢}y = 9.99 - 103 and ¢;; = 0.

By [34, relation (14)], n1 < ci3(log H + c14), where ¢13, c14 are explicitly computed from ¢/,
and ¢}, following the simple instructions found on p. 238 of [34]. The difference between the
pairs (c13, c14) and (¢}, ¢};), if any at all, is negligible in practice. Anyway, in our case, it turns
out easily that the two pairs coincide and, therefore,

(320) n; < clg(logH + 014), c13 = 9.99 - 1030, Cly = 0,
where
(3.21) H = max{ny, |a1|, |a2|, |as]|, |a4|}.

A computational remark. According to the instruction of [34, page 238], in order to compute
c13 from ¢}, we need the least positive integer h such that p" is principal. In our case p is
already a principal ideal, therefore we take h = 1. In order to compute c¢14 from c}; we need to
compute ordyq(d2) for the 56 values do (cf. (3.17)) and (3.18))). One shouldn’t expect difficulties
in carrying out such computations using MAGMA or any other package specialized to Number
Theory.

3.2.6. First explicit bounds for H = max{n1, |a1],|az|, |as|, |as|} and n,. We will prove the nu-
merical upper bound for H, based to E.M. Matveev’s lower bound for linear form in
(real/complex) logarithms of algebraic numbers; see Theorem below. Then, as a straight-
forward consequence of , this will imply the numerical upper bound for n;.

We focus our attention to 1+ X, where X is defined in relation . In this section we view
K embedded in the complex field C, so that the algebraic numbers appearing in A are complex
numbers; actually, they are all real numbers, because all roots of g(t) are real. Note that the
indices g, 7, k figuring in are any distinct indices from the set {1,...,5}. We follow step
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by step the very explicit instructions of Sections 9 and 10 of [34] in order to compute a chain
of constants (in the order that are displayed below)

Cl15, C16 = 0.129@6’17, 0/187 0/1/7, 6,1/87 C17, C18, C19, C20, C12, C21, C22.
This is a rather boring and cumbersome task if one performs the computations “by hand” (with
the aid of a pocket calculator). Fortunately, the instructions are programmable in MAGMA
without much difficulty, so that the chain of computations is performed automatically. It turns
out that ceo = 14. According to the terminology of page 243 of [34], we are treating a “real
case”. Moreover, by page 244 of [34], if we assume that H > ¢y = 14 (H is defined in (3.21)),
then 1 4 X is a positive real number and

(k) 4

k
s (k)
()

+ Z a; log %
113l i=1 113
By a strong and handy result of E.M. Matveev we can compute explicit constants c7, cg such
that log(14+X\) > exp(—c7(log H +cg)). More specifically we have the Theorem [3.3| below, which
is a slight restatement of Theorem 2.1 of [24]. In this theorem log denotes an arbitrary but fixed
branch of the logarithmic function on C; if x is a positive real number, log x always means real

(natural) logarithm of x.

Theorem 3.3. ([24, Theorem 2.1]) Let A = bylogay + -+ + by log o, where by,... b, € Z
with b, # 0, and a1,...,a, are algebraic numbers of degree at most D, embedded in C, and
logay,...,logay are linearly independent over Z.
Consider Aq,..., A, satisfying

A; > max{Dh(«;), |loga;|} 1<i<mn,
where, in general, h(a) denotes the absolute logarithmic height of the algebraic number c. Set
k =1 if all a;’s are real; otherwise set k = 2. Next, define

A = max AZ/A,-L, Q:Al"‘An

(3.22) A =log(l+ \) =log|di| + n1 log

1<i<n
and
B = max |b;].
1<i<n
Then
|A| > exp(—c7(log B + cs)),
where
16
cr = ——e"(2n 4+ 14 2r)(n + 2)(4(n + 1)) (en/2)" log(e*" T 055 D? log(eD)) D?Q,

nlk
cg = log(1.5eDlog(eD)A).

Now we apply Theorem to the linear form A = log(1l + ) in . Following the
instructions of [34] (bottom of page 249 - beginning of page 250), we must consider A for all
io € {1,...,5}, and for each specific ig, the choice of the indices j, k is arbitrary, provided
that ig # j # k # i9. Note that the condition of Z-linear independence of the «;’s, imposed
by Theorem in our case reads log(1 + A) # 0. This is equivalent to A # 0; we see that
this is true by viewing A as the right-hand side of the relation . The application of
Theorem in our case is briefly described in Table In this table, (i, j, k) runs through
the set {(1,2,3), (2,1,3), (3,1,2), (4,1,2), (5,1,2)}. We note that, the condition of Z-linear

10vwe give the value of c16, because this will play a role later.
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independence of the «a;’s, imposed by Theorem in our case reads log(1 + A) # 0. This is
equivalent to A # 0; we see that this is true by viewing A as the right-hand side of the relation
(13.17)).

TABLE 5. Application of Theorem [3.3| to log(1 + )

‘ Notations in Theorem |ﬁ| ‘ Values in this paper ‘

n 6

(a1, b1) (1,1) [equation (3.18) with (ig,j, k) = (5,1,3)]

(v, b2) (7T§%/7rﬁé,n1) [equation (3.17))]

(i, bi), (i = 3,4,5,6) (/e a;_y), (i = 3,4,5,6) [equation (3.17)]
K K [Appendix
D 20
P 11
B P [Appendix [Bf just above equation (B.1)]
(fp, ep) = (fx/0(PB), ex/o(P)) (1,2); [(B.1)]

B max {3, n1, a1, |as|, |as], |as|}

cr, 8 < 4.8626 - 10?7, < 5.7864

We remark at this point that, actually, the values of ¢y, cg which we obtain for the various
choices of (ig, j, k) differ “very little”, if they differ at all.

WeE| continue to follow the instructions from the relation (24) of [34] onwards and compute
constants ca3, caq, co5 and, finally, constants c,e, and ca7, such that

o H =max{ny,|ai|,|az|,|as|, |as]} < crear  (see [34, Theorem 10)),

° ’A| < co7 eXp{—Clﬁ maxi<i<4 |CLZ|} (see [34, relation (29)])
Also, by [34], Corollary of Theorem 10|, n1 < ¢13(log ¢rea1+c14) and, in general, ny is considerably
smaller than cpqy)-
According to our computations, the maximum value for ¢,y H is 1.3216 - - - x 10*3, from which
we conclude that

(3.23) H <1.3217 - 108 =: K,
and
(3.24) ny < 9.918312 - 1032 =: Nj.

Also, co7 < 3.906653; this constant, along with ¢16 = 0.129 will be used in Subsection [3.2.7]
Computation time. The totality of computations that led to the bounds (3.23) and (3.24])
was about 8 minutes.

3.2.7. The first p-adic reduction. In this section we reduce the upper bound by a process
we call p-adic reduction, with p = 11 in our case. For the basic facts we refer to [35] and [34],
Sections 12,14,15]. Given a rational prime p and a p-adic number z (in general, = belongs to a
finite extension of Q), the p-adic logarithm of z is denoted by log, = and belongs to the same
extension of @, in which = belongs.

H«we” means “our MAGMA code”.
12A5 (io, j, k) runs through the set {(1,2,3), (2,1,3), (3,1,2), (4,1,2), (5,1,2)}.
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We go back to the relations (3.17) and (3.18). According to the discussion in Appendix
@ and, more specifically, the notations etc on page we have an embedding K — Ky,
where Ky = Qq1(wg) is a quadratic extension of Qi defined by the polynomial Gyg(t) =
2 + (10744341441 + O(11'9)) t 4 (9625552201 + O(11'9)) = 0] which allows us to view the
0()’s figuring in the above relations as elements of Ks. According to our choice for i, j, %,
made in page [136] (io, 5, k) = (5,1,3) and, consequently, () = 9 = 7050162550 + O(11'0),
0U) = 0() = (9038034724 + O(11'0))wsp + (8245826831 4+ O(111°)), 6*) = 90) = (4757114675 +
O(1119))wys + (5113588460 + O(11'9)). In the notation of page m these are the 11-adic roots
O5(wyp), 01(wyp) and O3(wy) of g(t), respectivelyﬂ By , ordi1(\) = n1 + 1, therefore, by
[34, Lemma 12], ord;;(A11) = n1 + %, where

(3) 4 (3)
A1 =logy; 01 + nq logyy (::H?) + Zai logy; <§U> .
113 i=1 i
Because d; depends also on the choice of « (cf. relations and (3.16])), there are 56 possibili-
ties for A11. Therefore, in what follows, we assume that, having chosen a € {m574, 72!, mimgomi®
0 < z; < 27}, we compute the 11-adic logarithms appearing in Aj;; except for log;; 01, the re-
maining logarithms are independent from a.
Note that the values of logy; above belong to Ky and, therefore, they are of the form zg +
1wy, where zg,z1 € Qp. If we put

3 1 3), (1
logy; 01 = po + prwsyp, 10g11(7751?3/“§123) = Ao + Awsp, 10%11(61( )/55 )) = [i0 + Hitwp

(i =1,2,3, 4), then A1 = A1170 + A1171Wfp, where
4 4

A11,0 = po +n1Xo + Z aipio, A1 = p1+mniA + Z Qi fhi1-
i=1 i=1
Following the instructions of [34, p.p. 256-257] we put for i = 0, 1:
11 = —Boi — n1B1i — a1PBo; — azPsi + au,
where,
Boi = —pi/thais  Bri = —Ni/tai,  Bji = —pj—1i/p4ai (G = 2,3,4).
We divided by ord;;(pa4;), because ordiy(ps;) < min{ordyq (A1), ordys(p1;), .- ., ordi (pai)}-
Following the detailed instructions of [34, Section 15], we put W = [Ky/Ny|, and we choose
appropriately a number £ > 1 —this will become clear below— and an integer m such that
(3.25) 1"W = kK31

Then, for i = 0,1, we consider the lattice I';,,; which is generated by the column-vectors of the
matrix

w 0 0 0 0
0 1 0 0 0
0 0 1 0o 0 |,
0 0 0 1 0
G A R

13366 Table |§| et. seq.

14The two remaining 11-adic roots of g(t) are fa(wy) = (517324682 + O(11'°))wy + (5431351847 + O(11'°))
and 04(wy) = (2621442663 + O(11'°))wy + (7443205770 4+ O(11'°)).

15The exponent 5 is equal to the number of the unknown exponents in .
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where, in general, for 3 € Q11, we denote by 3™ the integer of the interval [0, 11" — 1] for
which ordy; (8 — 80™) > m. We also consider the column vector

0

857"
Note that, in view of our remark after the definition of A11, there are 56 possible values for the
vector y;, but the lattices I';,,; are independent from «.
Let c1, ..., c5 be the column-vectors of an (ordered) LLL-reduced basis of T';,,; and s1,...,55 € Q
be such that y; = Z?:1 sjcs. Let jo be the maximum index j € {1,...,5} for which s; ¢ Z
and denote by ||s;o|| the distance of s;o from the nearest to it integer. Finally, put

ey if y; =0
(T yi) >4 | L
e 1 llsjollJex| ifyi #0

No we apply [34, Proposition 15], which, in our case reads:

If

(3.26) {(Trmi, yi) > \/ WNG + 4KG,

then n1 < mE

Heuristically, when x —and, accordingly by , also m— are sufficiently large, it is “reasonable”
to expect that condition is satisfied, which would imply an upper bound for n;. Choosing
in k = 100, so that m = 206, we check that the condition is satisfied, for either
i =0 or ¢ =1, for all but 10 values of y;; for the ten exceptional values of y; we take x = 1000,
so that m = 207, and then is satisfied.

As a consequence, we conclude that n; < 207.
Computation time. The computation cost for this reduction step was less than 1 minute.

3.2.8. The first reduction over R. We have the upper bound Ky = 1.32171 - 10%3 for H =
max{ni,|ail,|az|, |as|,|as|} and, by the conclusion of Subsection we already know that
n1 < 207 =: Ny. Thus, in , coefficients ny,ai, ..., a4 of the linear form log(1 + \) satisfy
ny < 207 and max; |a;| < Kp. Referring to , let as put

4
A=log(l+A)=p+ni A + Zai,ui,
i=1
where the meaning of the real numbers p, A1, 41 ..., g4 is obvious. Once again we stress the

fact that these six real numbers depend on the choice of the indices (ig, j, k) (cf. page[139), and
p = log|d1| (cf. (3.22))) depends also on the choice of a (cf. relations and Since
there are 5 choices for (ig, 7, k) and 56 choices for «, this implies that there are 5 x 56 = 280
possibilities for the linear form A. Therefore, in what follows, we assume that, having chosen o €

16Actually, in accordance to [34, Proposition 15|, the upper bound for ni is (m —[)/h. By the fact that, over
11, the prime ideals of F' are principal, and the definition of h in [34] page 234], we have h = 1. Also, [ is a small
number, explicitly determined in page 257 of [34] and, more specifically, below the relation (32); in our case, it
turns out that { = 0.
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{mimyims!, mimaems' 10 < z1 < 27} and (io, 4, k) € {(1,2,3), (2,1,3), (3,1,2), (4,1,2), (5,1,2)},
we compute the real numbers p, A1, p1 ..., 4.

We follow the reduction process of [35], as presented in [34, Section 16]. We put W' =
[Ko/Np]| —this is independent from the above choices— and choose a number x > 1 and an
integer C so that CW' ~ HZKSH How we choose « will become clear below; as it turns out in
practice, k depends on « and (ig,j, k). We consider the lattice I'c which is generated by the
column-vectors of the matrix

W0 0 0 0
0 1 0 0 0
o o 1 0o o |,
0 0 0 1 0

o1 Y1 P2 Y3 iy

where ¢1 = [CA\i],¢; = |Cui] (i = 1,...,4). Also, we put ¢9 = |Cp] and consider the
column-vector

0
0
y = 0
0
—¢o
As in the previous section, we compute an (ordered) LLL-reduced basis of I'¢, say cy,...,cs.
Let s1,...,s5 € Q be the coefficients of y with respect to this basis, denote by jo the maximum

index j € {1,...,5} for which s; &€ Z and by |sjo|| the distance of sjo from the nearest to it
integer. Finally, put

K(F07Y) > 4 ]
i lIsjoll-les| if y # 0.

Following the instructions of [34] page 265] we put R = N1 + 4Ky + 1 and S = I/V’2]\712 + 3K2.
By [34], Proposition 16]:

If LTc,y) = VR*+ S (%)
then H < Ci{log co7 +log C —log(\/4(Tc,y)? — S — R)}. (k)
16

Heuristically, one can argue that, if x is sufficiently large and C = [kKJ/W'], then it is
“reasonable” to expect that {(I'c,y) > vV R?+ S and, consequently, an upper bound for H is
obtained from (kx), which is of the size of log K.
To give an idea, if (g, j, k) = (1,2,3) and we take x = 100, C' = 10'87, then the condition (x) is
satisfied for all a’s and, as a runs through all its possible values, the maximum bound (xx) is
229. If (ig, 7, k) = (2,1,3) and k = 100, C' = 1087, then (x) holds for all but 11 values of .. For
the 45 “successful” values of a the maximum bound (*x) is 229. For the 11 remaining values
the condition (*) holds if we take x = 500 and C' = 10'¥7; then the maximum upper bound (xx)
is 231.

In this way we finally obtain the upper bound H < 231 =: K1, wvalid for all choices of o and
(40, j, k) mentioned in the beginning of this section.
Computation time. At this stage, the computation time was less than half of a minute.

17As in Subsection the exponent 5 is the number of the unknowns exponents in 1)
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3.2.9. Further reduction and final stage of resolution. We repeat the p-adic reduction process of
Subsection with Ky < K7 = 231 and Ny <~ N; = 207. This affects W and, consequently,
k and m in , which now becomes “very small”. Thus, we obtain the new bound n; <
Ny = 25, and this took less that 1 minute.

Next, applying the reduction process of Subsection with Ky < K1 = 231 and Ny < N,
implies H < K9 = 41; this took a few seconds.

A third p-adic reduction step can improve a little bit the upper bound for n;. The process
of Subsection [3.2.7 with Ky < Ky = 41 and Ny < Np = 25 implies ny < N3 = 21, and this
took around 1 second. Although we can make a further reduce to the bound of H, as well, and
obtain H < 34, we will not use this.

Actually, we prefer to solve a set of Thue equations , with right-hand side ¢ € {—2°3%5%111%2 :
0<2z <27, zg =0o0r 3 < 29 <21}, using MAGMA’s implementation of Bilu & Hanrot’s method
[7. Remember that, as already mentioned a few lines below , no solutions exist when
c € {—2°3157111%2 : 0 < 2 < 27,1 < 2z < 2}. Thus, we are left with 28 x 20 Thue equa-
tions, using the above implementation. This is the most expensive task; it took us about
7662 secs ~ 2h 7' 42”. No solutions were found, hence, we have the following result:

Proposition 3.4. There are no solutions to the equation (3.5)), hence, by Subsection equa-
tion (1.2) with abx odd and n =5 has no solutions. O

Now, Propositions and [3.4] complete the proof of Theorem

Remark: Taking into account the computation cost at previous stages from Subsections
through we see that the total computation time for the needs of Subsection is less
than 2h.30’.

APPENDIX A. WORKING p-ADICALLY. SOME GENERAL FACTS.

In this appendix we combine several facts which are scattered in the literature. Our basic
references are [8], [12], [14], [20], [25].

Let p be a rational prime. For every non-zero x € Q we denote by v,(x) the exponent with
which p appears in the prime factorization of x and, as usually, the p-adic absolute value of x
is defined by |z|, = p~"»(®). We set, by convention, v,(0) = —ooc, so that |0, = 0. For z € Q,
we also define ord,(z) = vp(z).

This extends to Q,. If x € Q, and we write = in the standard p-adic representation x =
S 2y aipt (N € Z, the a;’s are integers with 0 < a; < p and ay # 0), then we define ord,(z) =
N and |z|, = p~N. Clearly, in the special case z € Q, these definition agree with those given
above.

More generally, if + € E,, where E, is a finite extension of Q,, of degree, say d, and 4 +
bg_1t%1 - £ bit+ b is the characteristic polynomial of z with respect to the extension E,/Qp,
(bi e Qpfori=0,...,d—1), then

1 1 —Oor X
(A1) ord,(z) = aomp(bo) - gordp(NEp s0,(@)) and |z, =p dp(z)

These definitions are independent from FE),; in particular, they coincide with the definitions of
ord,(x) and |z|, given at the beginning with x € Q,.
Now we adopt a different point of view. Let

E =Q(&), where g(¢§) =0 and ¢(t) € Q[t] is monic and irreducible.
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We denote by O the maximal order of E. Let

(A.2) pOp =pi Py
be the factorization of the principal ideal p Of into prime ideals of F, where the p;’s above are
distinct and ramification index eg/q(p;) = e; > 0 for every i = 1,...,m; we also denote by f;

the residual degree fz/q(p:)-
For every x € E and every p; we denote by vy, (x) the exponent of p; in the prime ideal
factorization of x Op; in particular, vy, (p) = e;. If p; is a principal ideal, say p; = 7 Op, then
we write v (x).

The polynomial ¢(t) factorizes into m distinct irreducible polynomials of Qp|t]:

(A.3) 9(t) = g1(t) - - gm (1)
Let
E,, = Qp(&y,), where &, is defined by g¢;(&p,) = 0;
actually, Ey, is the completion of (E,|-|y,), where |-|,, is the absolute value of E corresponding

to the additive valuation vy, (-). There is a natural embedding £ cﬂ) E,, mapping & to &, which
allows us to view E as a subfield of Ep,. The typical element z(§) € E (where z[t] € Q[t]) can
be viewed as an element of Ey, if we identify z(£) with ¢;(z(£)). Formally, this means that we

view z(€) as the element z(&p,) = z(t) 4 gi(t)Qp[t] € Qu[t]/gi(t)Qp[t]. Then, according to (A.I)),

(A-4)  ordp(x(8)) = ordy(Ng, ¢,,1/0,(@(&,)) and  [z(€)], = p~oe€),

1
[Qp(&p:) = Q]
The above discussion makes clear that the value of ord,(z(§)) depends on p;. Consequently, if
i # j and x(§) € E, then, the value of ord,(z(§)) may vary, depending on whether we view E
as a subfield of Ey; or of Ej;.

The enumeration of the p;’s in (A.2)) and the g;’s in (A.3]) can be done in such a way that

(A.5) deggi = [Ep, : Qp] = e;fi and vy, (x(§)) = €; - ordy(x(E)).

The second relation above implies that, for the typical element z(¢) € E (where z[t] € QJt]),
the following is true: x(&) is divisible by p; iff ord,(x(&,,)) > 0 which, in turn, is equivalent
to the statement that the constant term of the characteristic polynomial of x(&,,) over @, has
positive ord,. Having established this enumeration, we have for every z(§) € E:

% ordy (N, /0, ((&:))) = ex/(pi) - ordp((€))-

In practice, the above mentioned correspondence p; <> g; is carried out by a MAGMA routine
which we wrote based on the following: For j = 1,...,m, consider the “two-element represen-
tation” of p;, namely, p; = pOp + h;(§) Op, where h;(t) € Q[t], and fix any i € {1,...,m}. For
j=1,...,m, compute ¢;(h;(§)) = h;j(&,) and the characteristic polynomial x;(t) of h;(&,,) with
respect to the extension Ey,/Q),. For exactly one index j the ord, of the constant term of x;(¢)
is positive. The polynomial g;(t), for this specific j, corresponds to the ideal p;. This we do for
any ¢ = 1,...,m and we establish the one-to-one correspondence {p1,...,pm} <> {g1,--.,9m}-
By permuting the indices of g1, ..., gm, if necessary, we establish the one-to-one correspondence

pi <> g; which satisfies (A.5) and (A.6).

(A.6) vp, (2(§)) =
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APPENDIX B. WORKING IN K

In order to apply the method of [34] we need to work in an extension K of F' in which g(t)
has at least three distinct roots. Thus, in general, we do not need the whole splitting field of
g(t) over F. In our case, however, the Galois group of ¢(t) is of order 20, which implies that
K is the splitting field of g(t) over F. Using MAGMA we find out that K = Q(w), where w is a
root of the polynomial

G(t) =
29 + 780t + 248030¢'® 4 3992958017 + 3046440525t + 18210793968t15 — 13729990391320¢4
+ 752551541981520t'3 + 8605950990819730t'2 4 1708764818389209000¢ !
+ 23308084571944423284t'° — 1404817549102176551640t7 — 35442768652652017430190t°
+ 375805034836819117590960t” + 16191084883780784798260200t°
+ 30210122048192693893581552t° — 2113554835538935196795743635t*

— 12364486598313473303834175060t> + 25061666765667764525027943390¢>
+ 278757784774895111708136641100t 4- 427756623168133431059207412321.

Of course, K is a Galois extension. By Ok we denote the maximal order of K and by Op
the maximal order of F. The roots 8% (i = 1,...,5) of g(t) are polynomial expressions of w

)
with rational coefficients. Thus #®) = 6;(w) € Q[w], where 8;(t) € Q[t ] (i=1,...,5). Each 8
corresponds to an embedding 1; : F — K characterized by ¢;(0) = 0;(w). Then we can view
F as subfield of K in five ways, by identifying F' with ;(F). For our computations we can
arbitrarily choose the embedding 1;, but, once we choose it, we must keep it fixed. MAGMA
computes the embeddings 1);; rather arbitrarily, when it considers F as a subfield of K, our
MAGMA session implicitly uses the embedding 15; i.e. as a subfield of K, F' is identified with
5(F). For simplicity, we set 1) = 95 and avoid the use of superscript/subscript indicating the
conjugation. Then, extending a prime ideal p of O to the ideal p O means, the following: Let
p =pOFr + h(0) Op, where h(0) € Q[f]. Then p Ox = pOx + h(¢(0)) Ox. MAGMA computes

P(0) = 5(6) = 0©) = b5(w):

05(w) =(109949833761153867182006233162830218735318443 w'®
+ 85209181362831884900908863253209941719229099772 w*®
+ 26843948030443532446996152295591813313759057989280 w'”
+ 4256032326064110742980882546282193567817773030947507 w'6
+ 313740861737738480045017056015360916332191517809963652 w5
+ 448056667342462133472342261671551993343950346279488008 w4
— 1510732666058952542367528947242709391406430475149001889048 w'3
— 75203582469112061453856831841769761124516215292521423604700 w'?
+ 1315665925830026167841281970821852638550108379556176872190482 w'*
+ 181102009414236143682774128780867507407780245434648419322814672 w'°
+ 1669796300877028395254905627635289010395439563221417145651022616 w*
— 162206235802302893664200291374667388423732969287959076428108697406 w®

(continued on next page)
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(continued from previous page)

— 3096949958783354342722100732857399558416026343530279487756804602460 w”

+ 56131367252940396214847119246725578907696249119733671305047923800344 w°

+ 1504180072707173996628600619493969793943259186258161149867325499759064 w°

— 3870840446117907139295078483933668999054374262639172467797695558733756 w*
— 213744087631757677190145693131224085047423871295167330938194597435156069 w®

— 352243194516613905751693267069064334504141157799975445500242914720886380 w?

+ 4494640381465135578890041723352987174508368793027744613522589459354871816 w

+ 10018536620467342924854600525808560481514235129562992768169198074640026531) /
23750735994552570259738911035979918362684670692062523272986624000000000.

For the ideal p = w113 OF, obviously, we can take h(f) = w113 (see page [132). Then

W(h(0)) = ¥(m113) =(4378482585825381431566239057028627160970028037 w'?
+ 3396229499207087892836807551803460134822567613017 w8
+ 1071214373586764983689778732938427724586732483076327 w'”
+ 170145388685753978342778727714777154218418254512908043 w6
+ 12588645126248857287103560864595388726070407650893086772 1
+ 23291648519661572328486403102949754117988678982445451332 w4
— 60338282775505500617169124951383242755661107414046130424148 '3
— 3031547893595987199227070326893238313728050147362743168899908 w2
+ 51530222400182570158994336776484627607851706804827046320630198 w'!
+ 7282924550357450053556161972634939332060481531424832236222347982 w'©
+ 69407725895185343408814814665447944190629387800816493362801270434
— 6522081891215060359860869744209143119462208244901441175704137508646 w®
— 126498537591831789061901120743476135204565837943425968840309704817756 w”
+ 2266682290068533497159436879932180463046527604540137185016229550764276 w®
+ 61296290267956300004998582874965020844943081524921068036926 148986534364 w”
— 165499773355462341124868225890607890561889109853343804837744925708526164 w*
— 8698248530644221957092224575657663153179204605475867759713929659343969939
— 11520188167294592917194821184972443593645584955137753402305064016274508639
+ 173158801650947255768584220314522267452080115712427401970346621418344586479 w
+ 378768220799897336478183837425696328863796308850264844412883432915449692851) /
1520047103651364496623290306302714775211818924292001489471143936000000000.

Our MAGMA routine, mentioned below the equation (A.6)), returns the factorization 110y =
Hgl 2 where the residual degree fryo(Bi) = 1 for every i = 1,...,10. Moreover, for every

19
i=1,...,10, the routine computes:
e An element h; € Ok, such that PB; = 110k + h;Ox.
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e The factorization of G(t) = 1‘[;21 Gi(t) into irreducible polynomials over Q,. Fori =1,...,10,
the irreducible polynomial G;(t) € Q,[t] corresponds to B; in the sense explained in Appendix
As expected, deg G;(t) = 2 for every i = 1,.. ., 10.

In table [6] we give the data mentioned in the above two “bullets”. The element h; is identified
with a 20-tuple: h; = (¢i1,. .., ¢i20) means that

20
hi =Y cijBj,
Jj=1

where (1, ..., By is an integral basis of K/Q, explicitly calculated by MAGMA. For the polyno-
mial G;(t) we write G;(t) = (i1, Vo), by which we mean that G;(t) = t2 + vt + vi0. In the
columns of the v;;’s we write their 11-adic approximations, (rational integers) with precision
O(111%9).

TABLE 6. 110k = [[.2, 2

Bi = 110k + h;Ok Kg, = Qui[t]/{t* + vt + vio)
i hi Vil \ 7i0
11 (5,8,10,5,3,3,7,0,5,5,0,3,2,10,0,2,10,2,1,7) | 11244468595 6668815422
21 (6,2,0,0,7,10,4,0,6,6,4,5,2,10,0,2,10,2,1,7) | —169320583 10491152974
31 (6,9,8,0,6,6,1,5,2,0,6,5,2,10,0,2,10,2,1,7) | —9236124994 5583083423
4| (1,5,8,3,7,5,10,6,9,0,9,3,2,10,0,2,10,2,1,7) | —6126278749 7582171800
51 (2,1,10,4,6,7,8,6,2,9,1,3,7,6,5,10,7,2,10,7) | 10744341441 | —10666285673
6 (8,4,10,3,5,4,3,4,4,1,5,3,4,0,8,2,1,0,8,7) —3779293982 290904043
71 (10,8,2,1,0,9,10,4,8,4,4,8,10,2,1,7,9,4,8,7) | —669447737 7802303026
8 |(10,1,10,2,6,10,6,7,2,1,1,0,5,1,6,10,5,3,8,7) | —12083236915 | —10106323842
91(8,7,9,1,9,10,10,3,3,0,8,10,10,4,6,6,6,8,8,7) | 10744341441 9625552201
10| (6,0,10,3,6,2,7,9,3,7,6,1,8,10,0,1,9,1,2,9) —669447737 | —12489534848

Now, for p = m1130Fr we have to know the factorization of p O; of course, the prime

ideals of Ok in this factorization belong to {i,...,%B10}. For this purpose it suffices to
compute v, (¢(m113)) for ¢ = 1,...,10. This we do easily using MAGMA. We find out that
Vmi(w(ﬂ'ng)) =0 for ¢ = 1, e ,8 and ngi(w(ﬂ'ug)) =2 for i = 9, 10; hence 7113 OF = ‘BS %O'
According to the above we put P = g, so that

(B.1) ex/P) =2, frilP) =1

Gy (t) = Go(t) = t* + Yo1t + Y90
Working p-adically in K means working in Kgp = Q1 (wy) = Qu1[t]/(Gg(t)), where each root
) (i=1,...,5) is identified with 6;(wsy).

We have g3(05(wy)) = 0. Indeed, we have the following commutative diagram of monomor-
phisms:
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Here F, = Q,(0y), where 6y =7 +2-11+2-112+10- 113+ 7-11* + - -- € Qq, is the root of
g3(t){*°| The natural embeddings ¢ and ® are in accordance with the general discussion a few
lines below the relation ((A.3). Thus, ¢(6) = 6,, (w) = wyp and, consequently,

U(0p) = @ o500 () = ots(d) = D(05(w)) = 05(2(w)) = b5(wyp).

Therefore, g3(0s(wy)) = g3(V(0y)) = ¥(g3(fp)) = ¥(0) = 0. Further, using MAGMA we see
that the (11-adic) roots of gi(t) are 6;(wy) with i = 2,4, and the roots of gs(t) are 6;(wy) with
i=1,3.

In Subsection where we view (3.17)) as a relation in Ky (which simply means that we
apply @ to (3.17))) we will choose i9p = 5, j = 1 and k = 3, following the instructions at bottom
of p. 235 of [34].
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