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GEOMETRY OF RANDOM SECTIONS OF ISOTROPIC CONVEX BODIES

APOSTOLOS GIANNOPOULOS, LABRINI HIONI;, AND ANTONIS TSOLOMITIS

ABSTRACT. Let K be an isotropic symmetric convex body in R™. We show that a subspace
F € G, n—i of codimension k = yn, where v € (1/+/n, 1), satisfies

KNFC s\/ﬁLK(BS NF)

with probability greater than 1 — exp(—+/n). Using a different method we study the same
question for the Lg-centroid bodies Z4(1) of an isotropic log-concave probability measure p on
R™. For every 1 < ¢ < nand v € (0,1) we show that a random subspace F' € G, (1_~), satisfies
Zy(u) N F C c2(y)/qB3 N F. We also give bounds on the diameter of random projections of
Zq(1) and using them we deduce that if K is an isotropic convex body in R™ then for a random
subspace F of dimension (logn)* one has that all directions in F are sub-Gaussian with constant
O(log? n).

1. INTRODUCTION

A convex body K in R" is called isotropic if it has volume |K| = 1, its center of mass is at
the origin (we call these convex bodies “centered”), and its inertia matrix is a multiple of the
identity matrix: there exists a constant Lx > 0 such that

(1.1) (,0)%dx = L3
/

for every 6 in the Euclidean unit sphere S"~!. For every centered convex body K in R" there
exists an invertible linear transformation 7" € GL(n) such that T'(K) is isotropic. This isotropic
image of K is uniquely determined up to orthogonal transformations. A well-known problem
in asymptotic convex geometry asks if there exists an absolute constant C; > 0 such that

(1.2) L, := max{Lg : K is isotropic in R"} <

for all n > 1 (see Section 2 for background information on isotropic convex bodies and log-
concave probability measures). Bourgain proved in [5] that L, < c/nlogn, and Klartag [19]
improved this bound to L, < ¢¢/n. A second proof of Klartag’s bound appears in [21].

Recall that the inradius r(K) of a convex body K in R™ with 0 € int(K) is the largest r > 0
for which rBy C K, while the radius R(K) := max{||z||2 : © € K} of K is the smallest R > 0
for which K C RB%. It is not hard to see that the inradius and the radius of an isotropic convex
body K in R™ satisfy the bounds ¢ Lg < r(K) < R(K) < canLg, where ¢1,ca > 0 are absolute
constants. In fact, Kannan, Lovész and Simonovits [I7] have proved that

(1.3) R(K) < (n+1)L.
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Radius of random sections of isotropic convex bodies. The first question that we discuss
in this article is to give sharp upper bounds for the radius of a random (n — k)-dimensional
section of K. A natural “guess” is that the following question has an affirmative answer.

Question 1.1. There exists an absolute constant ¢y > 0 with the following property: for every
isotropic convexr body K in R" and for every 1 < k < n —1, a random subspace F' € Gy, .
satisfies

(1.4) R(KNF)<c\/n/k/nLg.

It was proved in [23] that if K is a symmetric convex body in R™ then a random F € Gy, ,,—k
satisfies

(1.5) R(KNF) <e(n/k)’?M(K),

where ¢ > 0 is an absolute constant and

(1.6) MI(K) = ’I:lﬂ/Haf]gdx.
K

In the case of an isotropic convex body one has |K| =1 and
1/2

(1.7) 515 < | [llelfis | = VL.

therefore (1.5)) implies that a random F € G, ,—, satisfies
(1.8) R(KNF) <e(n/k)?/nlg,

where ¢; > 0 is an absolute constant.
Our first main result shows that one can have a bound of the order of y~!\/nL when the
codimension k is greater than yn.

Theorem 1.2. Let K be an isotropic symmetric convex body in R™ and let 1 < k<n—-1. A
random subspace I’ € G, ,,—j, satisfies

con

max (£, v} VK

with probability greater than 1 — exp(—+/n), where ¢g > 0 is an absolute constant.

(1.9) R(KNF)<

The proof is given in Section 3. Note that Theorem gives non-trivial information when
k > \/n. In this case, writing k = yn for some v € (1//n,1) we see that

(1.10) R(KNF) < %O\/ELK

with probability greater than 1 — exp(—y/n) on G
y~3/2-dependence on v = k/n.

A standard approach to Question|l.1) would have been to combine the low M *-estimate with
an upper bound for the mean width

(1.11) w(K) = / hi(x)do(z),

Sn—1

n,(1—y)n- Lhe result of [23] establishes a



22 A. GIANNOPOULOS, L. HIONI, AND A. TSOLOMITIS

of an isotropic convex body K in R™, that is, the Li-norm of the support function of K with
respect to the Haar measure on the sphere. This last problem was open for a number of years.
The upper bound w(K) < en®/*Lg appeared in the Ph.D. Thesis of Hartzoulaki [16]. Other
approaches leading to the same bound can be found in Pivovarov [32] and in Giannopoulos,
Paouris and Valettas [I5]. Recently, E. Milman showed in [26] that if K is an isotropic symmetric
convex body in R" then

(1.12) w(K) < esv/n(logn)’ L.

In fact, it is not hard to see that his argument can be generalized to give the same estimate in
the not necessarily symmetric case. The dependence on n is optimal up to the logarithmic term.
From the sharp version of V. Milman’s low M *-estimate (due to Pajor and Tomczak-Jaegermann
[28]; see [2, Chapter 7] for complete references) one has that, for every 1 < k < n—1, a subspace
F € Gy, satisfies

(1.13) R(KNF)<cyyn/kw(K)

with probability greater than 1 —exp(—csk), where ¢4, c5 > 0 are absolute constants. Combining
(1.13]) with E. Milman’s theorem we obtain the following estimate:

Let K be an isotropic symmetric convex body in R™. For every 1 < k< n—1,
a subspace F' € Gy, ,—}, satisfies

con(logn)?Lk
Vk

with probability greater than 1 — exp(—¢csk), where ¢2,¢3 > 0 are absolute con-
stants.

Note that the upper bound of Theorem has some advantages when compared to ((1.14)): If
k is proportional to n (say k > yn for some v € (1/4/n,1)) then Theorem [1.2] guarantees that

R(K NF) < ¢(y)y/nLk for a random F € Gy, ,—. More generally, for all k£ > ﬁ we have

(1.14) R(KNF)<

cony/n con(logn)?
max{k,v/n} = VE
and hence the estimate of Theorem is stronger than (1.14)). Nevertheless, we emphasize that

our bound is not optimal and it would be very interesting to decide whether (1.4} holds true;
this would be optimal for all 1 < k£ < n.

(1.15)

Radius of random sections of L, -centroid bodies and their polars. In Section 4 we
study the diameter of random sections of the L,-centroid bodies Z,(p) of an isotropic log-
concave probability measure p on R™. Recall that a measure p on R” is called log-concave if
p(AA+ (1= XN)B) > u(A)*u(B)* for any compact subsets A and B of R” and any A € (0, 1).
A function f : R™ — [0,00) is called log-concave if its support {f > 0} is a convex set and the
restriction of log f on it is concave. It is known that if a probability measure p is log-concave
and u(H) < 1 for every hyperplane H, then pu is absolutely continuous with respect to the
Lebesgue measure and its density f, is log-concave; see [4]. Note that if K is a convex body
in R™ then the Brunn-Minkowski inequality implies that the indicator function 1x of K is the
density of a log-concave measure.
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We say that a log-concave probability measure p on R™ is isotropic if its barycenter bar(iu)
is at the origin and

[0 dut) =1
R
for all € S”~1. Note that the normalization is different from the one in ; in particular, a
centered convex body K of volume 1 in R” is isotropic if and only if the log-concave probability
measure jijc with density x +— L 1x /1, () is isotropic.
The L4-centroid bodies Zy(p), ¢ > 1, are defined through their support function

1/q

(1.16) ha @) = 109120 / (e )ltdu(e) |

and have played a key role in the study of the distribution of linear functionals with respect to
the measure p. For every 1 < ¢ < n we obtain sharp upper bounds for the radius of random
sections of Z,(u) of dlmensmn proportional to n, thus extending a similar result of Brazitikos
and Stavrakakis which was established only for ¢ € [1, /n].

Theorem 1.3. Let p be an isotropic log-concave probability measure on R™ and let 1 < ¢ < n.
Then:
(i) If k = yn for some v € (0,1), then, with probability greater than 1 — e
F € G n—i satisfies
(1.17) R(Zy(p) N F) <&(7)V/4,

where ¢4 is an absolute constant and ¢s(y) = O(y~21log®?(c/)) is a positive constant
depending only on .
(ii) With probability greater than 1 —e™", a random U € O(n) satisfies
(1.18) Zg(p) NU(Zg(1)) < (¢6v/q) B,

where ¢g > 0 is an absolute constant.

—ak o random

The method of proof is based on estimates (from [26] and [I1]) for the Gelfand numbers
of symmetric convex bodies in terms of their volumetric parameters; combining these general
estimates with fundamental (known) properties of the family of the centroid bodies Z,(p) of
an isotropic log-concave probability measure p we provide estimates for the minimal radius
of a k-codimensional section of Z,(p). Then, we pass to bounds for the radius of random
k-codimensional sections of Z,(p) using known results from [12], [34] and [24]. We conclude
Section 4 with a discussion of the same questions for the polar bodies Zg (1) of the centroid
bodies Z,(u).

Using the same approach we study the diameter of random sections of convex bodies which
have maximal isotropic constant. Set

(1.19) L;, := max{L : K is an isotropic symmetric convex body in R"}.

It is known that L,, < c¢L!, for some absolute constant ¢ > 0 (see [9, Chapter 3]). We prove the
following:

Theorem 1.4. Assume that K is an isotropic symmetric convezr body in R™ with Ly = L.
Then:
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(i) A random F € G, /5 satisfies
(1.20) R(KNF)<erv/n
and

(1.21) Lignr <Cg

Con

with probability greater than 1 —e~®™, where ¢; > 0 are absolute constants.

(ii) A random U € O(n) satisfies
(1.22) KNU(K) C (c10v/n) By,

n

with probability greater than 1 — e™"™, where ¢1g > 0 is an absolute constant.

The same arguments work if we assume that K has almost maximal isotropic constant,
i.e. Lxg > BL) for some (absolute) constant 5 € (0,1). We can obtain similar results, with
the constants ¢; now depending only on 8. It should be noted that Alonso-Gutiérrez, Bastero,
Bernués and Paouris [I] have proved that every convex body K has a section K NF' of dimension
n — k with isotropic constant

n en
: <ey)= Y
(1.23) Linp c\/;log ( - )

For the proof of this result they considered an a-regular M-position of K. In Theorem [I.4] we
consider convex bodies in the isotropic position and the estimates (1.20]) and (1.21]) hold for a
random subspace F'.

Radius of random projections of L, -centroid bodies and sub-Gaussian subspaces of
isotropic convex bodies. Let K be a centered convex body of volume 1 in R”. We say that
a direction § € S~ ! is a 1,-direction (where 1 < o < 2) for K with constant b > 0 if

(1.24) 160 ae) < Bl ) o,

where

(1.25) I8y = inf {0+ [ exp ([, 0)]/0°) do < 2
K

Markov’s inequality implies that if K satisfies a 1,-estimate with constant b in the direction
of § then for all t > 1 we have |{z € K : [(z,0)] > t||(-,0)]2}] < 2e7*/"". Conversely, one can
check that tail estimates of this form imply that 6 is a -direction for K.

It is well-known that every # € S"7! is a v-direction for K with an absolute constant C.
An open question is if there exists an absolute constant C' > 0 such that every K has at least
one sub-Gaussian direction (to-direction) with constant C. It was first proved by Klartag in
[20] that for every centered convex body K of volume 1 in R” there exists § € S?~! such that

2

_ t
(1.26) [z € K [{2,6)] > ct]| (-, 0)|2}] < ¢ Torwerm®

for all t > 1, where a = 3 (equivalently, [|(-,0)[., k) < C(logn)®[[(-,0)]2). This estimate
was later improved by Giannopoulos, Paouris and Valettas in [14] and [I5] (see also [13]) who
showed that the body W3 (K) with support function y — [|(-,9) |1, (k) has volume

1/n
(1.27) c < (;;E[[g“) < coy/logn.
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From it follows that there exists at least one sub-Gaussian direction for K with constant
b < Cy/logn.

Brazitikos and Hioni in [7] proved that if K is isotropic then logarithmic bounds for (-, 0)| 1., ()
hold true with probability polynomially close to 1: For any a > 1 one has

10z, 00) < Cllogn)*/2 max { Viogn, vV} L

for all  in a subset ©, of S" ! with 0(0,) =1 —n~? where C > 0 is an absolute constant.

Here, we consider the question if one can have an estimate of this type for all directions 6 of
a subspace I’ € Gy, of dimension k increasing to infinity with n. We say that F' € G, 1, is a
sub-Gaussian subspace for K with constant b > 0 if

(1.28) 1€ D Ly, (1) < OIS O)ll2

for all @ € Sp := S™ ' N F. In Section 5 we show that if K is isotropic then a random subspace
of dimension (logn)* is sub-Gaussian with constant b ~ (logn)?. More precisely, we prove the
following.

Theorem 1.5. Let K be an isotropic conver body in R™. If k ~ (logn)* then there exists a
subset I' of Gy, i, with vy, 1, (I') > 1 — n—(oen)® gych that

(1.29) (N lz,, (x) < C(log n)* Ly
for all F €T and all 0 € S, where C > 0 is an absolute constant.

An essential ingredient of the proof is the good estimates on the radius of random projections
of the Ly-centroid bodies Z,(K) of K, which follow from E. Milman’s sharp bounds on their
mean width w(Z,(K)) (see Theorem [5.1)).

2. NOTATION AND PRELIMINARIES

We work in R"™, which is equipped with a Euclidean structure (-,-). We denote the corre-
sponding Euclidean norm by || - ||2, and write BY for the Euclidean unit ball, and S™~! for the
unit sphere. Volume is denoted by |- |. We write w,, for the volume of Bj and o for the rota-
tionally invariant probability measure on S"~!. We also denote the Haar measure on O(n) by
v. The Grassmann manifold G, j, of k-dimensional subspaces of R" is equipped with the Haar
probability measure v, ;. Let k < n and F' € Gy, . We will denote the orthogonal projection
from R™ onto F' by Pr. We also define Bp = By N F and S = SN F.

The letters ¢, c, cq, co etc. denote absolute positive constants whose value may change from
line to line. Whenever we write a >~ b, we mean that there exist absolute constants ci,co > 0
such that cija < b < cea. Alsoif A, D C R™ we will write A ~ D if there exist absolute constants
c1,co > 0 such that c;A C D C e A.

Convex bodies. A convex body in R™ is a compact convex subset A of R™ with nonempty
interior. We say that A is symmetric if A = —A. We say that A is centered if the center of
mass of A is at the origin, i.e. [,(z,6)dx =0 for every § € S"1.

The volume radius of A is the quantity vrad(A) = (|A|/ \Bg\)l/ ", Integration in polar coor-
dinates shows that if the origin is an interior point of A then the volume radius of A can be
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expressed as
1/n

(2.1) wad() = [ [ 013" do®) |

where [|0]|4 = min{t > 0: 0 € tA}. The radial function of A is defined by p4(6) = max{t > 0:
t) € A}, § € S*~L. The support function of A is defined by ha(y) := max{(x,y) ix € A}, and
the mean width of A is the average

(2.2) w(A) = / ha(0) do(6)
Sn—1
of ha on S"~1. The radius R(A) of A is the smallest R > 0 such that A C RBY. For notational
convenience we write A for the homothetic image of volume 1 of a convex body A C R", i.e.
A= A7V A,
The polar body A° of a convex body A in R™ with 0 € int(A) is defined by

(2.3) A°:={yeR": (z,y) < lforallz € A}.
The Blaschke-Santalé inequality states that if A is centered then |A||A°| < |BE|?, with equality

if and only if A is an ellipsoid. The reverse Santald inequality of J. Bourgain and V. Milman
[6] states that there exists an absolute constant ¢ > 0 such that
(2.4) (14]1A°DY" > e/n

whenever 0 € int(A).

For every centered convex body A of volume 1 in R" and for every ¢ € (—n,c0) \ {0} we
define

1/q

(2.5) 1) = | [l
A

As a consequence of Borell’s lemma (see [9, Chapter 1]) one has
(2.6) 1,(4) < c1gh(4)

for all ¢ > 2.
For basic facts from the Brunn-Minkowski theory and the asymptotic theory of convex bodies
we refer to the books [33] and [2] respectively.

Log-concave probability measures. Let u be a log-concave probability measure on R™. The
density of p is denoted by f,. We say that u is centered and we write bar(u) = 0 if, for all
6ec s,

(2.7) [@0)dnte) = [ @60z =0,
R" R
The isotropic constant of y is defined by

(2.8) L, = (W) ' [det Cov(p)] 27,
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where Cov(p) is the covariance matrix of p with entries

(2.9) Cov(j1)i; = Jgn iz fu(a) da B S Tifu(@) do [pn x5 fuz) d:n'

N fR" fu(z) dx fR” fu(x) dz fRn fu(z) dx
We say that a log-concave probability measure p on R™ is isotropic if bar(y) = 0 and Cov(u)
is the identity matrix. Note that a centered convex body K of volume 1 in R" is isotropic,
i.e. it satisfies , if and only if the log-concave probability measure px with density x —
Ll p, (x) is isotropic. Note that for every log-concave measure p on R™ one has

(2.10) Ly < KLy,
where £ > 0 is an absolute constant (a proof can be found in [9, Proposition 2.5.12]).

We will use the following sharp result on the growth of I,(K), where K is an isotropic convex
body in R", proved by Paouris in [29] and [30].

Theorem 2.1 (Paouris). There exists an absolute constant § > 0 with the following property:
if K is an isotropic convex body in R™, then

(2.11) VALK = ST(K) < 1y(K) < 1,(K) < 0T,(K) = 6L

for every 1 < g < \/n.
For every ¢ > 1 and every y € R™ we set
1/q

(2.12) () = / (2, ) [P du(z)

The Lg-centroid body Z,(p) of g is the symmetric convex body with support function A Zg(u)-
Note that p is isotropic if and only if it is centered and Zy(p) = By. If K is an isotropic
convex body in R" we define Z,(K) = LxZ,(ptrr). From Hoélder’s inequality it follows that
Z1(K) C Zy(K) C Zy(K) C Zso(K) for all 1 < p < ¢ < 00, where Z(K) = conv{K,—K}.
Using Borell’s lemma, one can check that

(2.13) Zy(K) C clgzp(K)

for all 1 < p < ¢. In particular, if K is isotropic, then R(Z,(K)) < c1gLi. One can also check
that if K is centered, then Z,(K) D caZoo(K) for all ¢ > n.

It was shown by Paouris [29] that if 1 < ¢ < /n then
(2.14) w(Zy() = Va

and that for all 1 < g < n,

(2.15) vrad(Z, (1)) < c14/4.
Conversely, it was shown by B. Klartag and E. Milman in [21] that if 1 < g < y/n then
(2.16) vrad(Zy (1)) = c24/4.

This determines the volume radius of Z,(u) for all 1 < ¢ < y/n. For larger values of ¢ one can
still use the lower bound:

(2.17) vrad(Z,(p)) = 02\/§L;1,

obtained by Lutwak, Yang and Zhang in [25] for convex bodies and extended by Paouris and
Pivovarov in [31] to the class of log-concave probability measures.
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Let p be a probability measure on R™ with density f,, with respect to the Lebesgue measure.
For every 1 < k < n —1 and every £ € Gy, the marginal of p with respect to E is the
probability measure wg(p) on E, with density

(2.18) Frno () = / fuw)dy.
z+E+

It is easily checked that if p is centered, isotropic or log-concave, then mg (1) is also centered,
isotropic or log-concave, respectively. A very useful observation is that:

(2.19) Pr(Zy(1)) = Zy(mr(1))

for every 1 <k <n —1 and every F € Gy, 5—-
If 1 is a centered log-concave probability measure on R™ then for every p > 0 we define

(2.20 Kolp) = Ky = {5 [0ty ar > 220
0

(e 9]

From the definition it follows that K,(u) is a star body with radial function
00 1/p

/prp_lfu(rm) dr

0

(221) 0@ = | 15

for x # 0. The bodies K, (u) were introduced in [3] by K. Ball who showed that if 4 is log-concave
then, for every p > 0, K,(p) is a convex body.

If K is isotropic then for every 1 < k < n—1and F € G, the body Kiy1(mpi (1K)
satisfies

L——
(2.22) K |k KT (),
Lk

For more information on isotropic convex bodies and log-concave measures see [9].

3. RANDOM SECTIONS OF ISOTROPIC CONVEX BODIES

The proof of Theorem [1.2]is based on Lemma [3.1] and Lemma [3.2] below. They exploit some
ideas of Klartag from [1§].

Lemma 3.1. Let K be an isotropic convex body in R™. For every 1 < k < n — 1 there exists a
subset A := A(n, k) of Gy p—r with vy p_p(A) =21 — e V™ that has the following property: for
every F € A,

(3.1) {z e KNF:|z|o > avnli} < e *VPIKNF|,

where ¢1 > 0 is an absolute constant.

Proof. Integration in polar coordinates shows that for all ¢ > 0

& (n — k)wn—g
(32) [ ] el va(r) = S ot
Gn,nfk KNF " K
= = By,

nwy, q
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and an application of Markov’s inequality shows that a random F' € G, ,,—j satisfies

(3.3) / lelEtde < (eI, (F))
KNF

(TL — k)wn_k

Wy,

with probability greater than 1 — e™9.
Fix a subspace F' € G, ,,— which satisfies (3.3). From (2.22]) we have

Li
(3.4) K NEFVF > CQM > 8
Lk Lk
where co, c3 > 0 are absolute constants. A simple computation shows that
— k)wn—
(3.5) w < (64\/5)]6
Nnwr,

for an absolute constant ¢4 > 0. Using also (2.11)) with ¢ = /n we get

1 Kty 1 (n—Fk)wng N
. < (K
(3.6) KT / [zl da KAF o, (el m(K))
KnF

< (esLi)¥(cav/n)F (edv/nLi)V™ < (cov/nLg )TV,
where ¢g > 0 is an absolute constant. It follows that
(3.7) {z e KNF:|z|2 > ecsv/nLi}| <e VMK NF|
and the lemma is proved with ¢; = ecg. O

The next lemma comes from [I§].

Lemma 3.2 (Klartag). Let A be a symmetric convex body in R™. Then, for any 0 < e < 1 we
have

(3.8) {z e A:lzllz = eR(A)} = S (1 — )™ [A]

N

Proof. Let xy € A such that |zg|l2 = R(A) and define v = x¢/||zo||2. We consider the set AT
defined as

(3.9) At ={z € A: (x,v) > 0}.

Since A is symmetric, we have |[A1| = |A|/2. Note that

(3.10) {xcA:|z||z2>eR(A)} Dexg+ (1 —¢)AT.
Therefore,

1
(3.11) {z € Atllz]l2 = eR(A)} > [exo + (1 — ) AT = (1 —¢)™[A| = 51 =)™},
as claimed. O

Proof of Theorem Let K be an isotropic symmetric convex body in R™. Applying
Lemmawe find a subset A of Gy, 1 With vy, (A) > 1— e~V such that, for every F € A,

(3.12) {z e KNF:|z|2 > avnli} < e *VPI|KNF|

We distinguish two cases:
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. _1
Case 1. If k > n/3 then choosing eg = 1 — e~ 5 we get
n—k _

1 1
(813)  S(1—eo)" FIKNF| = ie*Tk\Kmﬂ >e "5 YK NF| > e VDK N F,

because k + \/n > "T% + 1. By Lemma and 1) we get that

(3.14) Hz e KNF:|zl2 2 eoR(KNF)} >{z e KNF:|z|2>cavnLlk},
therefore
(3.15) R(K N F) < cpv/nLy,

where co = ¢, 101 > ( is an absolute constant.

Case 2. 1If k < n/3 then we choose 1 = %. Note that 1 < 1/2. Using the inequality
1—t>e 2 on (0,1/2) we get

1 _ 1 k+n\""
3.16 “(A—e)"FIKNF=2(1- —Y~ KNF
(3.16) s -ar K nF| =5 (1- 50 ke
> e SR N F

> e~ V)| KN R,

because 2(k§\/ﬁ) > 1. By Lemma this implies that

(3.17) Hz e KNF:l|z|s > eiRIKNF)} >|{z € KNF:|z|2 > avnLk},
therefore
(3.18) etR(KNF) < c1v/nlLg,
which, by the choice of €; becomes
c3n
(3.19) R(KNF) < m VnLg
for some absolute constant ¢z > 0. This completes the proof of the theorem (with a probability
estimate 1 —e VP forall 1 < k <n — 1). O

Remark 3.3. It is possible to improve the probability estimate 1 — e V™ in the range k > yn,
for any v € (1/4/n,1). This can be done with the help of known results that demonstrate
the fact that the existence of one s-dimensional section with radius r implies that random m-
dimensional sections, where m < s, have radius of “the same order”. This was first observed in
[12], [34] and, soon after, in [24]. Let us recall this last statement.

Let A be a symmetric convex body in R" and let 1 < s < m < n—1. If
R(ANF) < r for some F' € Gy, then a random subspace E € G, s satisfies

(3.20) R(ANE)<r (ﬂ) 20m=2)
n—m
with probability greater than 1—2e=("=9)/2 where ¢ > 0 is an absolute constant.
We apply this result as follows. Let &k = yn > /n and set t = dn, where § ~ ~/log(1 + 1/7).
From the proof of Theorem we know that there exists &/ € G, ,—¢ such that

cn
VnLg,

(3.21) R(K NE) < =&
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where ¢; > 0 is an absolute constant. Applying (3.20) with s = n — k and m = n — t we see
that a random subspace F' € G, ,,— satisfies

3
(3.22) R(KNF) < (F)" RIK N E) = ea(7)Vnl
with probability greater than 1 — 2e=%/2 where c3(v) = O((y ' log(1 + 1/7))%)

Remark 3.4. Tt is also possible to give lower bounds of the order of /nLg for the diameter
of (n — k)-dimensional sections, provided that the codimension k is small. Integration in polar
coordinates shows that

_ nw e
(329 Jeliztar = g [ [ el dv ()
K Gpm_r KNF
for every 1 <k <n—1 and every 0 < ¢ < n. It follows that

(321) [ [ el v iy = =B

Gn,n—k KNF

nwy, 9
and an application of Markov’s inequality shows that a random F' € G, ,,—}, satisfies

=Bk o1y 1)y

(3.25) / 2l de <
KNnF

n

with probability greater than 1 —e™?. Assuming that ¢ > k, for any F' € G, 1, satisfying
(13.25)) we have

(’I’L — k)wn—k

(3.26) KN F|R(KNF)* < / lells™da < (c/1-g(K))".

KnF

n

which implies

1 q

(3.27) R(KNF) > <”“") K N F|aF (Iq<K>>H

(n - k)wn—k
k
q

C1 a—k _4q
> I_(K))aF .
(o) et gt
If k < /n then we may choose ¢ = 2y/n and use the fact that I_, /5 (K) > c3y/nL by Theorem
2.1] to get:

Proposition 3.5. Let K be an isotropic convex body in R™. For every 1 < k < \/n there exists
a subset A of Gy with vy p_(A) 21— e V™ such that, for every F € A,

(3.28) R(KNF) > cy/nLg,

where ¢ > 0 is an absolute constant.

Remark 3.6. Choosing k = |n/2] in Theorem we see that if K is an isotropic symmetric
convex body in R" then a subspace F' € G,, [,,/2] satisfies

(3.29) R(K N F) < ClﬂLK
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with probability greater than 1 — 2exp(—con), where c1,co > 0 are absolute constants. A
standard argument that goes back to Krivine (see [2, Proposition 8.6.2]) shows that there exists
U € O(n) such that

(3.30) KNU(K) C (c3/nLg) BY,

where c3 > 0 is an absolute constant. In fact, one can prove an analogue of for a random
U € O(n) using a result of Vershynin and Rudelson (see [34, Theorem 1.1]): There exist absolute
constants vg € (0,1/2) and ¢; > 0 with the following property: if A and D are two symmetric
convex bodies in R™ which have sections of dimensions at least £ and n — 24k respectively
whose radius is bounded by 1, then a random U € O(n) satisfies

(3.31) R(ANU(D)) <&

with probability greater than 1 — e~™. As an application, setting D = A and k = n/2 one has
the following (see [§]). If

(3.32) ra:=min{R(ANF):dim(F) = [(1 —)nl|}

then R(ANU(A)) < cora with probability greater than 1 — e™" with respect to U € O(n).
Choosing k = [y9n/2| in Theorem we see that if K is an isotropic symmetric convex
body in R™ then

(3.33) ri < cav/nLy
for some absolute constant ¢4 > 0. This gives that a random U € O(n) satisfies
(3.34) KNU(K) C (esv/nLk) By,

with probability greater than 1 — e™", where c5 > 0 is an absolute constant.

4. MINIMAL AND RANDOM SECTIONS OF THE CENTROID BODIES OF ISOTROPIC
LOG-CONCAVE MEASURES

In this section we discuss the case of the Lg-centroid bodies Z, (1) of an isotropic log-concave
probability measure p on R”. Our method will be different from the one in the previous section.

In view of we can give an upper bound for the radius of a random k-codimensional
section of a symmetric convex body A in R™ if we are able to give an upper bound for the radius
of some t-codimensional section of A, where ¢ < k. This leads us to the study of the Gelfand
numbers ¢;(A), which are defined by

(4.1) ct(A) =min{R(ANF): F € Gppt}

for every t = 0,...,n — 1. It was proved in [I1] that if A is a symmetric convex body in R"
then, for any t =1,...,[n/2] there exists F' € Gy, ,—2¢ such that

(4.2) ANF C clglog <e+ %)wt(A)Bg NF,
where
(4.3) wi(A) :==sup{vrad(ANE) : E € G4}

In other words,

(4.4) ear(A) < 61% log (e n %)wt(A).
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This is a refinement of a result of V. Milman and G. Pisier from [27], where a similar estimate
was obtained, with the parameter w;(A) replaced by (the larger one)

(4.5) vi(A) := sup{vrad(Pg(A)) : E € Gn4}.

We shall apply this method to the bodies Z;(xt). The main additional ingredient is the next fact,
which combines results of Paouris and Klartag (see [20] or [9, Chapter 5] for precise references):

Theorem 4.1. Let u be a centered log-concave probability measure on R™. Then, for all 1 <
t<n and qg>1 we have

(4.6) ve(Zg(p)) = sup{vrad(Pr(Z4(1))) : E € Gn4}

< co\/amax{\/&, Vt} max det COV(?TE(/L))%,
t EGGn,t
where cg > 0 is an absolute constant.

We apply Theorem as follows: for every 1 <t < n/2 and every E € G,,; we have that
g (p) is isotropic, and hence det COV(WE(,LL))% = 1. Then,

(4.7) il Za(1)) < vi(Za(u)) < cOﬁ maxc{ 4, V).
From we get

Lemma 4.2. Let p be an isotropic log-concave probability measure on R™ and let 1 <t < |n/2|
and 1 < q <n. Then,

n n
(4.8) cat(Zq(p)) < 2y log (6 + ?> \/gmax{\/a, Vit
where co > 0 18 an absolute constant. O

Let k > 4 and let t < k/2. From Lemma we know that there exists £ € G, ,,—2¢ such
that

n n
(4.9) R(Zy(n) N E) < 02" log (e + ) \ftf max{/, Vi,
where ¢2 > 0 is an absolute constant. Applying (3.20) with s = n — k and m = n — 2t we see

that a random subspace F' € G, ,,— satisfies

(4.10) R(Z,(n) N F) < (225 R(z,00 0 )

< (c;gtn> T log (e + ?) \/gmax{\/&, vk}

with probability greater than 1 — 2¢7k/2 where ¢ > 0 is an absolute constant. In particular, if
k = yn we can choose t = yn/log(c/7), for ¢ > €2, to get the following.

Theorem 4.3. Let p be an isotropic log-concave probability measure on R™ and let v € (0,1)
and 1 < g <n. If k> ~yn then a random subspace F' € G, ,—1, satisfies

(4.11) R(Z,(1) N F) < e(4)y/d

with probability greater than 1 —2e~""2 where ¢(y) = O(y 2 log5/2(c/'y)) is a positive constant
depending only on .
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Next, we apply (3.31): choosing t = y9n/2 in (4.8]) we see that
(4.12) TZy(n) = C'yon(Zq(M)) < /g

for every 1 < g < n, where ¢4 = c4(79) > 0 is an absolute constant. Therefore, we have:

Theorem 4.4. Let p be an isotropic log-concave probability measure on R™ and let 1 < ¢ < n.
Then, a random U € O(n) satisfies

(4.13) Zo(p) NU(Zg(1)) < (ev/q) B3,

n

with probability greater than 1 — e™™, where ¢ > 0 is an absolute constant.

Note that Theorem [[.3] summarizes the contents of Theorem [£.3 and Theorem [£.4]
Remark 4.5. We can study the same question for the polar body Z; (1) of Z,(u). Note that
(4.14) wy(Z, (1)) := sup{vrad(Z;(u) N E) : E € Gpny}

~ [inf{vrad(Pg(Z4(n))) : E € Gn T

by duality and by the Bourgain-Milman inequality. For any 1 < ¢t < n — 1 and any symmetric
convex body A in R™ define

(4.15) v, (A) = inf{vrad(Pg(A)) : E € Gp+}.
In the case A = Z,(p) this parameter has been studied in [I1]:

Lemma 4.6. Let p be an isotropic log-concave probability measure on R™. For any q > 1 and
1<k<n—1 we have:

(4.16) 0p (Zy() > e1y/min(, VE).
If we assume that sup,, L, < a then we have
(4.17) v (Z4()) > 2 /min(g, k)

These estimates are leading to the next bounds on the minimal radius of a k-codimensional
section of Z; (). The following theorem is also from [11].

Theorem 4.7. Let p be an isotropic log-concave probability measure on R™. For any q > 1 and
1<k<n—1 we have:

(i) There exists F' € G, p—y, such that:

1, o
(4.18) Pr(Zy(p)) 2 EBQ NF and hence R(Z,(p)NF) < Ry g,
where

. 1 n n
(419) Rkyq:mln{l,c;gmin(ql/%l/‘l)klog <€+k)}

(ii) If we assume that sup,, L, < o then there exists F' € Gy, p—j, such that:

(4.20) Pr(Zy(p)) 2 . B3y NF  and hence R(Z,(p) NF) < Ry g0,
a0
where
(4.21) Ry g0 =min{ 1, cp0———— log (e + )
' /min(q, k k
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Assuming that ¢ < /n and choosing k = yyn we see from (4.18) and (4.19) that

(4.22) Eon(Z2 (1)) < e1(70)—

Va
where ¢1 () > 0 is an absolute constant. Then, we apply (3.20) with s = n/2 and m = (1—~)n
to get that a random subspace E € G, ,, /7 satisfies

(0] (o] 1
(4.23) R(Z,(p) N E) < c3- cyon(Zy (1) < c2(70)——=
V4
with probability greater than 1 — 2e~"/4, where c2(y0) > 0 is an absolute constant. As usual,
this implies that a random U € O(n) satisfies

(4.24) Zg(w) N U(Z3(1)) < ﬂ By,

with probability greater than 1 — ™", where ¢ > 0 is an absolute constant. This estimate
appears in [22] (and a second proof is given in [g]).

Assuming that sup,, L,, < a we may apply the same reasoning for every 1 < ¢ < n: choosing

k = yon we see from (4.20) and (4.21]) that
o o
(425) C’YO”(Zq (M)) < 01(70)%7

where ¢1 () > 0 is an absolute constant. Then, we apply (3.20) with s = n/2 and m = (1—4o)n
to get that a random subspace E € G, ,, /7 satisfies

(¢] (¢] a
(4.26) R(Zy(p) N E) < ez cyon(Zg (1)) < c2(v0)—=
V4
with probability greater than 1 —2e~"/4, where ¢, (70) > 0 is an absolute constant. Finally, this
implies that a random U € O(n) satisfies

(4.27) Z2(w) NU(Z5 () € jg By,

n

with probability greater than 1 — e™", where ¢ > 0 is an absolute constant.

4.1. Random sections of bodies with maximal isotropic constant. Starting with an
isotropic symmetric convex body K in R” we can use the method of this section in order to
estimate the quantities

(4.28) a(K)=min{R(KNF):FecGpnt}
for every t =0,...,n — 1. From (2.22)) we have

L——
(4.29) KN E|™7 < e Rii(mps () csLn—t
Lk Lk
for every E € Gy, 1, therefore
n—t

L. .\ t
(4.30) wi(K) < e/t <C3 n t) '

Lk

Assume that K has maximal isotropic constant, i.e. Lx = L] (the same argument works if we
assume that Lk is almost maximal, i.e. Lx > SL] for some absolute constant 8 € (0,1)). It is
known that L, < ¢1 L, < coL], for all 1 <t < n — 1, where ¢1,¢3 > 0 are absolute constants.
Therefore, we get:
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Lemma 4.8. Let K be an isotropic symmetric convex body in R™ such that Lg = and let

1<t < |[n/2]. Then,

(4.31) C2t(K)<cftf} g(e+7):

n’

where ¢ > 0 is an absolute constant.

Then, we apply (3.20) with s = n/2 and m = (1 — qp)n to get that a random subspace
E € G, /o satisfies

(4.32) R(KNE) <3 cyyn(K) < cr(yo)vn
with probability greater than 1 — 2e~"/4, where ¢;1(79) > 0 is an absolute constant.
Also, since cy,n(K) < ¢(70)y/n, we may apply (3.31)) to get:

Theorem 4.9. Let K be an isotropic symmetric convezr body in R™ with Lx = L!,. A random
U € O(n) satisfies
(4.33) KNU(K) C (c3y/n) B,

1

with probability greater than 1 —e™", where c3 > 0 is an absolute constant.

We can also prove the local analogue of this fact: random proportional sections of a body
with maximal isotropic constant have bounded isotropic constant.

Theorem 4.10. Let K be an isotropic symmetric convex body in R™ with L = L!,. A random
F € Gy, /2 satisfies

(4.34) Lgnr < ca

—csn

with probability greater than 1 — e , where cq,c5 > 0 are absolute constants.

Proof. It was proved in [10] (see also [0, Lemma 6.3.5]) that if Lx = L, then

(4.35) KN F|v > cq

for every Gy, /2, where cg > 0 is an absolute constant. Since R(K N F') < c3y/n for a random
F € G, for all these F' we get

n 1 1
4.36 iy < — 2dr < 7}% KnF
( ) 5 MKNF \KHFIHTQLK/ |z[|2dz K ( ) < cg 03”

yn

which implies that

(4.37) Linr < c,

where ¢4 = ﬁcglcg. O
5. SUB-(GAUSSIAN SUBSPACES

In this section we prove Theorem (1.5 We will use E. Milman’s estimates [26] on the mean
width w(Z,(K)) of the Ly-centroid bodles Z4(K) of an isotropic convex body K in R™.

Theorem 5.1 (E. Milman). Let K be an isotropic convex body in R™. Then, for all ¢ > 1 one
has

(5.1) w(Zy(K)) < 1 log(1 + ¢) max { qlo g\(}+ 9) f} Lx

where ¢; > 0 is an absolute constant.
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We also use the next fact on the diameter of k-dimensional projections of symmetric convex
bodies (see [2, Proposition 5.7.1]).

Proposition 5.2. Let D be a symmetric convex body in R™ and let 1 < k <n and a > 1. Then
there exists a subset 'y, C Gy, 1, with measure vy ,(T'p i) > 1 — e~ 22’k guch that the orthogonal
projection of D onto any subspace F' € T, j, satisfies

(5.2) R(Pr(D)) < csamax{w(D), R(D)\/k/n},
where cg > 0,c3 > 1 are absolute constants.
Combining Proposition with Theorem and the fact that R(Z,(K)) < cqLk, we get:

Lemma 5.3. Let K be an isotropic convex body in R™. Given 1 < q < n define ko(q) by the
equation

(5.3) ko(g) = log®(1 + ¢) max{log®(1 + q),n/q}.
Then, for every 1 < k < ko(q), a random F € Gy}, satisfies

X{qlog\(;Jr q) \[} L

with probability greater than 1 — 6*020‘2’“0(‘1), where c1,co > 0 are absolute constants.

(5.4) R(Pr(Zy(K))) < c1alog(1 + q) ma

Proof. Since R(Z,(K)) < cqLk we see that

R(Z4(K))v/ko(q)

(5.5) N < % log(1 + ¢) max {log(l +q), \\/f;} Lg

qlog(1+q)

:clog(l—i—q)max{ NG \[}LK

From Theorem we have an upper bound of the same order for w(Z,(K)). Then, we apply
Proposition [5.2| for Z,(K). O

Remark 5.4. Note that if 1 < s < k then the conclusion of Proposition continues to hold
for a random F' € G, s with the same probability on G, ; this is an immediate consequence of
Fubini’s theorem and of the fact that R(Py (D)) < R(Pp(D)) for every s-dimensional subspace
H of a k-dimensional subspace F' of R".

Proof of Theorem We define ¢p by the equation
(5.6) qolog(1 + qo) = n.

Note that go ~ n/(logn)? and log(1+qo) ~ logn. For every 2 < q < qo we have ¢glog?(14¢) < n
therefore
nlog?(1+q cinlog?(1 + qo
(5.7) holq) = M8 110 anle 1+ )
q q0
for some absolute constant ¢; > 0, because ¢ — log? (14 q)/q is decreasing for ¢ > 4. It follows
that

(5.8) ko(q) = e1log(1+ qo) > ca(logn)*
for all 2 < g < qo.
Now, we fix @ > 1 and define

(5.9) ko = c1log*(1 + qo).
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Using Lemma and Remark-, 5.4}, for every g < o we can find aset I'y C Gy, g, with vy, y, (I'g) >
1 — e’k guch that

(5.10) RPH(Z,()) < cxalon(1-+ g ma { TEULD, g,
< csay/qlog(l+q) Lk
for all F' € G . I T := (195290 Ty, then
[logy 7 2 .
(5.11) Vnko (Grko \T) < v ko( o \ Dl FQS) < ellogme 0 < o

if & ~ 1 is chosen large enough. Then for every F' € I, for all § € Sp and for every 1 < s <
|logy go] we have

hz,s(x)(0) _ b p(2ys (1)) (0)
V25 V25

Taking into account the fact that if 25 < g < 25F! then

(5.12)

< cesalog(l+2°)Lg < cqa(logn) L.

h h Y
Zq(K)(y) < 22552/2 ( ) —\f ;?:_1,'_1)/2( )’

(5.13)

S

we see that
hz, k) (Y)
Va

for every F' € I', for all § € Sr and for every 2 < g < qo-
Next, observe that if ¢y < ¢ < n then we may write

bz, k) () . @hzqo(m(y) on/T Pz, (1) () - con/n Nz, (1) (Y)

(5.14) < csa(logn) Lk

( ) N qo0 Va NG V2 Va2 Va0
h h
= cglog(1 + qO)Zin%(y) < cr(logn) Zqi};ig(y),
and hence
h (y)
(5.16) Zq(\j(a) < cra(logn)? Ly

for every F' € T, for all 8 € Sp and for every gy < g < n.
Recall that W(K) is the convex body with support function hy, ) (y) = [|{» )|l 1, (x)- One
also has

bz, k) () bz, k) ()
5.17 h ~sup ———2"" ~ sup —+—2-2
because hyz, () (y) = hz, k) (y) for all ¢ > n. Then, (5.14) and (5.16)) and the fact that a >~ 1
show that
(5.18) 1 0l () < Clogn)?Li

for every F' € I' and for all 8 € Sp, where C > 0 is an absolute constant. O
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