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BELIEF REVISION AGAINST BACKGROUND KNOWLEDGE

THEOFANIS ARAVANIS

Abstract. In a cornerstone work, Katsuno and Mendelzon defined a revision-process accord-
ing to which a rational agent always adheres to a given belief corpus that represents background
knowledge. In this article, we provide an axiomatic characterization of this type of revision-
process by formulating a natural generalization of the well-known postulates for rational belief
revision, introduced by Alchourrón, Gärdenfors and Makinson. The proposed axiomatic char-
acterization is shown to be highly relevant to a modification of a set of rationality constraints for
multiple belief revision. Furthermore, we introduce a class of rational revision functions, along
with a special type of non-prioritized revision, both of which have a smooth and reasonable
connection with the aforementioned generalized revision-framework.

1. Introduction

Belief revision (or simply revision) is the process by which a rational agent changes her/his
beliefs, in the light of new information [10]. A prominent approach that formalizes belief
revision is that proposed by Alchourrón, Gärdenfors and Makinson in [1], now known as the
AGM paradigm. Within the AGM paradigm, the agent’s belief corpus is modelled as a logical
theory K of an underlying logic language, also referred to as belief set, new information (alias,
epistemic input) is represented as a logical sentence φ, and the revision of K by φ is modelled
as a (revision) function ∗ that maps K and φ to a revised theory K ∗ φ. A collection of
eight postulates, formulated in [1] and called the AGM postulates for revision, axiomatically
characterizes any rational revision operator, which is named AGM revision function. From a
semantic point of view, it has been proven that any AGM revision function can be constructed
(specified) by means of a special kind of total preorders over possible worlds, called faithful
preorders [14].

Since the proposal of the AGM paradigm, several important aspects of the revision-process
have been extensively studied in the literature, such as relevance-sensitive [11, 18, 22, 17, 5, 3]
or iterated revision [8, 20], whereas, a variety of concrete “off-the-shelf” revision operators have
been introduced [23, 7, 21, 4, 6, 2].

In this article, we study the case in which, during revision, a rational agent always adheres to
a given (consistent) background theory, which essentially represents given background knowledge
of a domain or application. On that premise, the agent’s initial, as well as any revised, state
of belief has to include (entail) all the information contained in the background theory. Un-
doubtedly, such a scenario is quite realistic, with the background theory occasionally taking the
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form of a set of integrity constraints, a well-established scientific discipline, a corpus of moral
statements, and so forth.

Already in [14], Katsuno and Mendelzon presented a modification of AGM revision functions
to ensure that revision is implemented against background knowledge. Herein, we axiomatically
characterize Katsuno and Mendelzon’s modified revision operators, by formulating a natural
generalization of the AGM paradigm. We show that this generalized AGM paradigm can be
derived by Lindström’s rationality postulates for multiple belief revision [15]. A natural class
of AGM revision functions, as well as a special type of non-prioritized revision operator, are
also introduced, which are shown to have a smooth and intuitive connection with the proposed
generalized AGM paradigm.1

The remainder of this article is structured as follows. The next section fixes the basic nota-
tions and conventions that shall be used for our subsequent discussion. Thereafter, Section 3
introduces the AGM paradigm, followed by Section 4 which presents a natural generalization
of the AGM paradigm that handles revision under background knowledge. Section 5 identifies
the close relation between the proposed generalized revision-framework and multiple belief re-
vision. Sections 6 and 7 introduce an interesting class of AGM revision functions and a special
type of non-prioritized revision, respectively, and point out their relevance to revision under
background knowledge. A brief conclusion closes the paper.

2. Basic Notations and Conventions

Throughout this article, we shall be working with a propositional language L, built over a
finite, non-empty set P of propositional variables (atoms), using the standard Boolean connec-
tives ∧ (conjunction), ∨ (disjunction), → (implication), ↔ (equivalence), ¬ (negation), and
governed by classical propositional logic. The classical consequence relation is denoted by |=.

For a set of sentences Γ of L, Cn(Γ) denotes the set of all logical consequences of Γ; i.e.,
Cn(Γ) =

{
φ ∈ L : Γ |= φ

}
. An agent’s belief corpus shall be modelled by a theory, also referred

to as a belief set. A theory K is any deductively closed set of sentences of L; i.e., K = Cn(K).
The set of all theories is denoted by K. For a set of sentences Γ of L,

∧
Γ denotes the sentence

of L resulting from the conjunction of all the elements in Γ.
We will assume consistent background theories; such a theory shall be denoted by T .2 Given

that the set of propositional variables P is finite, although a theory T is a infinite object, it is
finite modulo logical equivalence; that is to say, there exists a consistent sentence of L, denoted
in what follows by τ , such that T = Cn

(
{τ}

)
. Roughly speaking, the sentence τ answers the

question “What is theory T actually about?”.
A literal is a propositional variable p ∈ P or its negation. A possible world (or simply world)

r is any consistent set of literals, such that, for any propositional variable p ∈ P, either p ∈ r
or ¬p ∈ r. The set of all possible worlds is denoted by M. For a sentence (set of sentences) φ
of L, [φ] is the set of worlds at which φ is true.

A preorder over a set V is any reflexive, transitive binary relation in V . A preorder � is
called total iff, for all r, r′ ∈ V , r � r′ or r′ � r. As usual, the strict part of � shall be denoted

1Multiple revision refers to the revision of a theory by a non-empty (possibly infinite) set of sentences [9],
whereas, non-prioritized revision is a type of belief change, according to which the new information is not always
accepted in the revised state of belief [12].

2The case of an inconsistent background theory is not interesting, since, in that case, the agent ought to
adhere to absurd knowledge.
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K K ∗ φ
∗

φ

Figure 1. Belief revision within the AGM paradigm.

by ≺; namely, r ≺ r′ iff r � r′ and r′ ⪯̸ r. Also, min(V,�) denotes the set of all �-minimal
elements of V ; i.e.,

min(V,�) =
{
r ∈ V : for all r′ ∈ V , if r′ � r, then r � r′

}
.

3. The AGM Paradigm

Within the AGM paradigm [1], the process of belief revision is modelled as a binary function
∗ mapping a theory K and a sentence φ to a revised theory K ∗φ; i.e., ∗ : K×L 7→ K (Figure 1).
Rational revision functions, the so-called AGM revision functions, are those constrained by a
set of eight postulates, called AGM postulates for revision. Before presenting these postulates,
let us first define the notion of expansion of a belief set.

Definition 1 (Expansion). For a theory K and a sentence φ of L, the expansion of K by φ,
denoted by K + φ, is defined to be the deductive closure of the set K ∪ {φ}; i.e.,

K + φ = Cn
(
K ∪ {φ}

)
.

On that premises, the AGM postulates for revision are the constraints (K ∗ 1)–(K ∗ 8), listed
below.3

(K ∗ 1) K ∗ φ is a theory.

(K ∗ 2) φ ∈ K ∗ φ.

(K ∗ 3) K ∗ φ ⊆ K + φ.

(K ∗ 4) If ¬φ /∈ K, then K + φ ⊆ K ∗ φ.

(K ∗ 5) K ∗ φ is inconsistent iff φ is inconsistent.

(K ∗ 6) If |= φ↔ ψ, then K ∗ φ = K ∗ ψ.

(K ∗ 7) K ∗ (φ ∧ ψ) ⊆ (K ∗ φ) + ψ.

(K ∗ 8) If ¬ψ /∈ K ∗ φ, then (K ∗ φ) + ψ ⊆ K ∗ (φ ∧ ψ).

Katsuno and Mendelzon proved that the revision functions that satisfy postulates (K ∗ 1)–
(K ∗ 8) are precisely those that are induced by means of a special type of total preorders over
all possible worlds, called faithful preorders [14].

Definition 2 (Faithful Preorder, [14]). A total preorder �K over M is faithful to a theory K
iff the �K-minimal worlds are those satisfying K; i.e., min(M,�K) = [K].

3A detailed discussion on postulates (K ∗ 1)–(K ∗ 8) can be found in [10, Section 3.3] or [19, Section 8.3.1].
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Figure 2. Belief revision against background theories.

Intuitively, r �K r′ precisely when the world r is at least as plausible (relative to K) as the
world r′.

Definition 3 (Faithful Assignment, [14]). A faithful assignment is a function that maps each
theory K to a total preorder �K over M, that is faithful to K.

The following representation theorem precisely characterizes the class of AGM revision func-
tions, in terms of faithful preorders.

Theorem 1 ([14]). A revision function ∗ satisfies postulates (K ∗ 1)–(K ∗ 8) iff there exists a
faithful assignment that maps each theory K to a total preorder �K over M, such that, for any
φ ∈ L:

(F∗) [K ∗ φ] = min([φ],�K).

Essentially, condition (F∗) defines the revised belief set K ∗φ as the theory corresponding to
the most �K-plausible (i.e., �K-minimal) φ-worlds.

4. A Generalization of the AGM Paradigm

Let T be a (consistent) background theory, and let K be a belief set representing the belief
corpus of a rational agent. Given that the agent always adheres to T , it is true that T ⊆ K;
that is to say, all K-worlds are T -worlds as well ([K] ⊆ [T ]). Katsuno and Mendelzon, in [14,
Section 8], specified a revision function, herein denoted by ∗T , which revises K by an epistemic
input φ ∈ L, against (a finite representation of) theory T .4 As in the case of classical AGM
revision functions, the revision function ∗T maps a theory K and a sentence φ to a revised
theory K ∗T φ, such that T ⊆ K ∗T φ (or equivalently [K ∗T φ] ⊆ [T ]); see Figure 2. As
illustrated in Figure 2, the commitment to a background theory, during revision, essentially
excludes possible worlds that are not valid relative to a specific domain or application, limiting
accordingly the set M to some valid portion of it.

For each AGM revision function ∗, Katsuno and Mendelzon defined a revision function ∗T ,
through condition (KM) presented below.

(KM) K ∗T φ = K ∗ (φ ∧ τ).

4Notice that Katsuno and Mendelzon, in [14], work with sentences, rather than theories. Since we have
considered a finite set of propositional variables, the difference is immaterial — recall that, for any background
theory T , there exists a sentence τ ∈ L, such that T = Cn

(
{τ}

)
.
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In this section, our aim is to axiomatically characterize the revision functions defined via
condition (KM). Accordingly, we shall show that a natural generalization of the AGM postulates
for revision suffices to precisely characterize a revision function ∗T . Before presenting this
characterization, let us define the expansion of a belief set, against a background theory.

Definition 4 (Expansion Against Background Theories). Let T be a background theory. For
a theory K and a sentence φ of L, the expansion of K by φ, against T , denoted by K +T φ, is
defined to be the deductive closure of the set K ∪ {φ} ∪ T ; i.e.,

K +T φ = Cn
(
K ∪ {φ} ∪ T

)
.

Analogously to the classical expansion of Definition 1, the expansion of a belief set, against
a background theory, is defined to be the smallest deductively closed set containing the ini-
tial theory, the new information, as well as the background theory. It is noteworthy that
K +T φ = K + (φ ∧ τ).

Now, we are ready to present the alluded generalization of the AGM postulates for revision,
which is encoded in the following collection of postulates.

(K ∗T 1) K ∗T φ is a theory.

(K ∗T 2) T ∪ {φ} ⊆ K ∗T φ.

(K ∗T 3) K ∗T φ ⊆ K +T φ.

(K ∗T 4) If ¬φ /∈ K, then K +T φ ⊆ K ∗T φ.

(K ∗T 5) K ∗T φ is inconsistent iff T ∪ {φ} is inconsistent.

(K ∗T 6) If T |= φ↔ ψ, then K ∗T φ = K ∗T ψ.

(K ∗T 7) K ∗T (φ ∧ ψ) ⊆ (K ∗T φ) +T ψ.

(K ∗T 8) If ¬ψ /∈ K ∗T φ, then (K ∗T φ) +T ψ ⊆ K ∗T (φ ∧ ψ).

Each one of postulates (K ∗T 1)–(K ∗T 8) generalizes each one of postulates (K ∗ 1)–(K ∗ 8),
respectively; observe that, in the special case where the background theory T contains only
tautological sentences, postulates (K ∗T 1)–(K ∗T 8) reduce to (K ∗ 1)–(K ∗ 8), respectively.

Following the vein of [19], some comments on (K ∗T 1)–(K ∗T 8) are in order. Postulate
(K ∗T 1) simply requires that the output of the revision-process, against a background theory
T , indeed be a belief set. Postulate (K ∗T 2) ensures that the epistemic input φ, along with
the background theory T , are believed in the revised belief set K ∗T φ. Postulates (K ∗T 3)
and (K ∗T 4), viewed together, state that, whenever the new information φ does not contradict
the initial belief set K (which of course contains T ), there is no reason to remove any of the
original beliefs at all; the new belief set K ∗T φ is equal to the expansion of K by φ, against T ;
i.e., K ∗T φ = K +T φ. Postulate (K ∗T 5) says that the only case where K ∗T φ is inconsistent
is when theory T ∪ {φ} is inconsistent. Postulate (K ∗T 6) ensures that, when the logical
equivalence φ↔ ψ is included in T (that is to say, the “content” of φ, ψ is identical according
to T ), then the ∗T -revision of K by φ or by ψ, against T , leads to identical results — notice
that T |= φ↔ ψ iff Cn

(
T ∪{φ}

)
= Cn

(
T ∪{ψ}

)
. Lastly, postulates (K ∗T 7) and (K ∗T 8) are

essentially a generalization of (K ∗T 3) and (K ∗T 4), respectively. Viewed together, (K ∗T 7)
and (K ∗T 8) say that, for any two sentences φ and ψ of L, if in revising the initial belief set



6 THEOFANIS ARAVANIS

K by φ, against T , one is lucky enough to reach a belief set K ∗T φ that is consistent with ψ,
then, to produce K ∗T (φ ∧ ψ), all that one needs to do is to expand K ∗T φ by ψ, against T .

On that premises, Theorem 2 is a representation theorem which precisely characterizes the
revision functions that satisfy postulates (K ∗T 1)–(K ∗T 8), in terms of AGM revision functions.

Theorem 2. Let T be a background theory, such that T = Cn
(
{τ}

)
. Moreover, let ∗ be an

AGM revision function, K be a theory, and φ be a sentence of L. A revision function ∗T
satisfies postulates (K ∗T 1)–(K ∗T 8) iff K ∗T φ = K ∗ (φ ∧ τ).

Proof. The left-to-right implication follows straightforwardly, in view of the fact that, for a
background theory T and a sentence χ of L, Cn

(
T ∪ {χ}

)
= Cn

(
{χ ∧ τ}

)
. As far as the

right-to-left implication is concerned, it suffices to show that postulates (K ∗T 1)–(K ∗T 8) are
equivalent to postulates (K ∗1)–(K ∗8), respectively, if the sentences φ and ψ in (K ∗1)–(K ∗8)
are replaced with the sentences φ∧τ and ψ∧τ , respectively. This follows also straightforwardly,
in view of the fact that Cn

(
T ∪ {χ}

)
= Cn

(
{χ ∧ τ}

)
. □

Theorems 1 and 2 imply the following corollary.

Corollary 1. Let T be a background theory, such that T = Cn
(
{τ}

)
. A revision function

∗T satisfies postulates (K ∗T 1)–(K ∗T 8) iff there exists a faithful assignment that maps each
theory K to a total preorder �K over M, such that, for any φ ∈ L:

(F∗T ) [K ∗T φ] = min
(
[φ ∧ τ ],�K

)
.

An important remark is in order. In many practical applications, the set of possible worlds
[φ ∧ τ ], appearing in condition (F∗T ), is a proper subset of the set of possible worlds [φ],
appearing in condition (F∗). This fact potentially reduces the resources required for determining
the revised state of belief, since the search-space for specifying �K-minimal possible worlds
decreases.

5. Relation to Multiple Belief Revision

In this section, we show that postulates (K ∗T 1)–(K ∗T 8) have a strong connection with
Lindström’s postulates for multiple belief revision [15]. We recall that multiple belief revision
is the revision of a theory by a non-empty (possibly infinite) set of sentences [9]. This kind of
revision is modelled as a binary function ⊕ mapping a theory K and a set of sentences Γ to a
revised theory K ⊕ Γ; i.e., ⊕ : K× 2L 7→ K. We present the alluded Lindström’s postulates as
presented by Peppas in [19, Section 8.5.1] (Γ, ∆ denote non-empty sets of sentences).5

5There are some differences between the definition of multiple belief revision presented by Peppas in [19] and
that presented by Lindström in [15], which however are only superficial.
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(K⊕ 1) K ⊕ Γ is a theory.

(K⊕ 2) Γ ⊆ K ⊕ Γ.

(K⊕ 3) K ⊕ Γ ⊆ K + Γ.

(K⊕ 4) If K ∪ Γ is consistent, then K + Γ ⊆ K ⊕ Γ.

(K⊕ 5) K ⊕ Γ is inconsistent iff Γ is inconsistent.

(K⊕ 6) If Cn(Γ) = Cn(∆), then K ⊕ Γ = K ⊕∆.

(K⊕ 7) K ⊕ (Γ ∪∆) ⊆ (K ⊕ Γ) + ∆.

(K⊕ 8) If (K ⊕ Γ) + ∆ is consistent, then (K ⊕ Γ) + ∆ ⊆ K ⊕ (Γ ∪∆).

It follows from postulates (K ⊕ 1)–(K ⊕ 8) that, whenever the set of sentences Γ is finite,
the multiple revision of K by Γ is identical to the (classical) revision of K by the conjunction
of all the members of Γ; in symbols, K ⊕ Γ = K ∗

(∧
Γ
)
. It is not hard to verify that, in case

Γ is considered to be the set of sentences {φ, τ}, we end up with the next interesting equality,
which involves all three revision operators ∗T , ⊕ and ∗:

K ∗T φ = K ∗ (φ ∧ τ) = K ⊕ {φ, τ}.

6. A Natural Class of AGM Revision Functions

This section is devoted to the identification of an interesting proper sub-class of the whole
class of AGM revision functions, which, in the next section, will be related to the revision
functions satisfying postulates (K ∗T 1)–(K ∗T 8).

To that end, consider an agent whose belief corpus is represented by a theory K. Moreover,
suppose that her/his revision-policy is encoded in an AGM revision function ∗, at which a
faithful preorder �K over M corresponds (via (F∗)). Provided that the agent needs always to
adhere to a background theory T , one might reasonably postulate that all T -worlds are strictly
more plausible than all non-T -worlds (with respect �K). This type of faithful preorders —which
essentially represents a particular type of revision-policies— is identified by condition (TR),
presented below, whereas Figure 3 depicts a rough layout of possible worlds whose comparative
plausibility is constrained by (TR).

(TR) If r ∈ [T ] and r′ /∈ [T ], then r ≺K r′.

Postulate (T), shown subsequently, constrains the behaviour of AGM revision functions, and
is the axiomatic counterpart of condition (TR).

(T) If φ is consistent with T , then K ∗ φ = K ∗ (φ ∧ τ).

The following representation theorem establishes the connection between (T) and (TR).

Theorem 3. Let T be a background theory, such that T = Cn
(
{τ}

)
. Moreover, let ∗ be an

AGM revision function, K be a theory, and �K be the faithful preorder corresponding to ∗, by
means of (F∗). Then, ∗ satisfies (T) iff �K satisfies (TR).
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[K]

[T ]
M

Figure 3. A rough layout of possible worlds whose comparative plausibility
(encoded in a faithful preorder �K) is constrained by condition (TR); it is as-
sumed that the comparative plausibility of worlds is inversely proportional to
the Euclidean distance from their geometric center of the rectangle representing
[K].

Proof. For the left-to-right implication, assume that ∗ satisfies (T). We show that �K satisfies
(TR). Consider any two worlds r, r′ ∈ M, such that r ∈ [T ] and r′ /∈ [T ]. Let φ be a sentence
of L, such that [φ] = {r, r′}. Since φ is consistent with T , we derive, from condition (T), that
K ∗ φ = K ∗ (φ ∧ τ); thus, all the worlds in [K ∗ φ] are φ-worlds that entail τ . Therefore,
r ∈ [K ∗ φ] and r′ /∈ [K ∗ φ]. Hence, from condition (F∗), we derive that r ≺K r′, as desired.

For the right-to-left implication, assume that �K satisfies (TR). We show that ∗ satisfies
(T). Let φ be a sentence of L which is consistent with T . Since, from condition (TR), all
T -worlds are strictly more plausible than all non-T -worlds (with respect to �K), and given
that φ is consistent with T , all the �K-minimal φ-worlds are also T -worlds, or equivalently
τ -worlds. Therefore, we derive, from condition (F∗), that min([φ],�K) = min([φ ∧ τ ],�K);
hence, K ∗ φ = K ∗ (φ ∧ τ), as desired. □

We close this section with the following remark, which follows directly from condition (KM)
of Section 4, and relates a revision function ∗T (that respects postulates (K ∗T 1)–(K ∗T 8)) to
an AGM revision function ∗ that respects postulate (T), in case the epistemic input is consistent
with the underlying background theory.

Remark 1. Let T be a background theory. Moreover, let ∗ be an AGM revision function that
satisfies postulate (T), ∗T be the revision function induced from ∗, via condition (KM), K be a
theory, and φ be a sentence of L. If φ is consistent with T , then K ∗T φ = K ∗ φ.

7. A Non-Prioritized Revision Operator

In this section, we introduce a special type of non-prioritized revision operator defined through
a revision function ∗T that satisfies postulates (K ∗T 1)–(K ∗T 8). We recall that non-prioritized
belief revision is a special type of belief change, according to which the new information is not
always accepted in the revised state of belief, contrary to what postulate (K ∗ 2) enforces.
Depending on a number of parameters, a non-prioritized revision operator may fully accept,
partially accept, or even totally reject the new information; for a survey on non-prioritized
belief revision, the interested reader is referred to [12].

The operator that we define herein is inspired by two well-known non-prioritized revision
schemes, that is, credibility-limited revision of Hansson et al. [13], and screened revision of
Makinson [16]. According to credibility-limited revision, the epistemic input is accepted in
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the revised state of belief only if it belongs to a given set of (a-priori) credible sentences. In
screened revision, the intersection of a given set of sentences A with the agent’s initial belief set
K determines a set of core beliefs A ∩K; if the epistemic input is inconsistent with the set of
core beliefs A ∩K, then it is rejected as implausible, otherwise, K is revised by φ so that none
of the core beliefs are withdrawn [19].

On these premises, let T be a background theory, K be a theory, and φ be a sentence of
L. Then, the alluded non-prioritized revision operator, induced by a revision function ∗T and
denoted by ⊗, is defined as follows:

K ⊗ φ =

 K ∗T φ if φ is consistent with T

K otherwise

Analogously to credibility-limited and screened revision, the revision operator ⊗, first checks
whether the epistemic input φ should be accepted in the revised state of belief, and, if φ is
acceptable (that is, φ is consistent with T ), theory K is ∗T -revised by φ; otherwise, the revised
state of belief is identical to the initial state of belief.6 Evidently, in view of the operator ⊗, φ
is either fully accepted or totally rejected, in the revised state of belief.

In view of Remark 1, the above non-prioritized revision operator ⊗ can equivalently be defined
as follows, by means of an AGM revision function ∗ which, in addition to (K∗1)–(K∗8), satisfies
postulate (T):

K ⊗ φ =

 K ∗ φ if φ is consistent with T and ∗ satisfies (T)

K otherwise.

In this latter case, in which by definition the comparative plausibility of worlds corresponding
to ∗ is constrained by condition (TR), the boundary between the T -worlds and the non-T -worlds
can be regarded as a natural threshold of credibility of the new information φ (see Figure 3).
Intuitively, the set of T -worlds is the set of the admissible worlds; any world outside [T ] is
so implausible that it should not be accepted as a possible state of affairs. Consequently, any
sentence φ that takes us to the “forbidden land” of the non-admissible worlds should be rejected;
otherwise, it is business as usual, and the revised state of belief is K∗φ, which is defined through
condition (F∗).

8. Conclusion

In this article, a generalized AGM paradigm that encodes rational belief revision, against
background theories (knowledge), was provided. The proposed formal framework was shown
to be highly relevant to a modification of the classical AGM paradigm for multiple belief re-
vision. A natural class of AGM revision functions, along with an interesting non-prioritized
revision operator, were also introduced; both these proposals were shown to have a smooth and
reasonable connection with the aforementioned generalized revision-framework. An interesting
avenue for future research is the study of belief contraction against background knowledge, in
the context of which information is withdrawn from an initial belief corpus with the proviso
that no part of the background knowledge is removed.

6Recall that, in case φ is inconsistent with T , K ∗T φ is inconsistent as well, due to postulate (K ∗T 5).
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