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Abstract
We consider the system

Au— Wy (u) =0, for u:R®> - R* W:R®> 5 R,

where W, (u) := (OW/Oua,...,0W/0u,)" is a smooth potential, symmetric
with respect to the ui, us axes, possessing two global minima at at = (%£a,0)
and two connections e* (z1) connecting the minima. We prove that there exists
an equivariant solution u(x1,z2) satisfying

u(x1,x2) — aT as r1 — Foo,

u(x1,x2) — et (z1) as x2 — Fo0.
The problem above was first studied by Alama, Bronsard, and Gui [1], under
related hypotheses to the ones introduced in the present paper. At the expense

of one extra symmetry assumption, we avoid their considerations with the nor-
malized energy and strengthen their result. We also provide examples for W.

1. Introduction
The problem
Au—W,(u) =0, for u: R* - R* W :R* = R, (1.1)

has variational structure and it is the Euler-Lagrange equation corresponding to the
functional

J(u) = /R {;|Vu|2+W(u)}dx. (1.2)

An important feature of the problem, and also source of difficulty, is that the action
J is infinite for nonconstant solutions ([3]).

Problem (1.1) originates from geometric evolution and phase transitions. The
relevant dynamical problem is the parabolic system

Gy = e2Ah — W, (), for 4 : R?* — R?.
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at a

Figure 1: The double-well potential W.

This is a gradient flow for the functional

/R2 {;|5Vu2 + W(u)} dz,

possessing diffused interfaces separating the minima of W.
As was established in [4], there are multiple-well potentials W for which the (ODE)
connection problem between two phases admits more than one solution,

U—W,(U) =0, with U(+c0) = a™. (1.3)

To be specific, assume that there exist precisely two connections e®, solutions
to (1.3). As a result, the diffused interfaces separating the phases a®™ and a~ are

generally made up of two types of ‘material’; e* and e, one for each connection (see
Figure 1 in [4]). Simulations show that a wave is generated on the interface, which
propagates and converts it into the type with lesser action

E(U):/R<;|U|2+W(U)>.

The structure of the solution of 4; = e2Ad— W, (1) close to the interface and near the
junction is genuinely two dimensional (in z1, 23) and well-approximated by a suitably
rescaled solution to the following traveling-wave problem

0
Au— W, (u) = —Cfu7 for u: R?2 — R2
8952
u(zy, x2) — ai, as x1 — +oo, (1.4)
u(wy,z2) = e (11), as o — Fo0,

with 4(x1,x9,t) = u(z1,z2 — ct), where ¢ is the speed of the wave, which can be
shown to be proportional to E(e™) — E(e™).

Problem (1.4) is rather difficult for ¢ # 0 and is still open. The analogous ODE
problem

{ U—-W,(U)=—cU w5

U(+oo) =at

was recently settled in [8].
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In the case E(etT) = E(e™), the wave becomes a standing wave, ¢ = 0, and (1.4)
reduces to the problem studied in the present paper.

Before stating our main result, we introduce the following hypotheses.

(H1) (Nondegeneracy) The potential W is C%, W : R? toR;U{0}, and has exactly two

nondegenerate global minima a*, a* = (£a,0) with the properties 9?W (u) > ¢?1d

and |u — a*| < rg, for 79 > 0.

(H2) (Symmetry) W has dihedral symmetry, i.e., W(gu) = W (u), for g € H3, and

the solution is equivariant, i.e., u(gr) = gu(x), for all g € H3. We assume that

g/(u) > maxpc, W (u), for u outside a certain bounded, H3-symmetric, convex set
0-

(H3) (Q-monotonicity) Let D := {(u1,uz) | u1 > 0}. We assume that there exists
Q@ : D — R, U {0}, continuous, with the following properties:

(i) @ is convex

(i) Q(u) >0 and Q,(u) #0 on D — {a*}

Qu+a®) = |ul + H(u)

where H = D — R is a smooth function that satisfies H(0) = H,,(0) = 0, and

(ii

Wo(u) - Qu(u) >0, on D\ {a*}.

€ ‘Scalar’ trajectory ep winich always exists symmetr and as a curve lies
(H4) The ‘scalar’ trajectory eq which always exists by symmetry! and li

on the u; axis and connects a™, a™, is assumed not to be a global minimum of the
action

EU) = /R {;Umﬁ + W(U)} dz

among the trajectories connecting a~ and at. It follows by [5] that there exists at
least one pair of connecting trajectories ey, which globally minimize the action in
the class of trajectories that connect a® and with action strictly less than that of the
scalar trajectory, E(ex) < E(ep).

(H5) Let C denote the set of connections between a™ and a~ and let M denote the
set of globally minimizing connections. We assume that C is discrete and C \ M is
finite.

Then, under the hypotheses above, we have the following
Theorem 1.1 Under hypotheses (H1)—(H5) there exists a solution to
Au—Wy(u) =0, for u=R? - R?
which is H3-equivariant with the following properties:

(i) w is a positive map, i.e., u(D) C D.

IThe symmetry of W assumed in (H2) implies that OW/Ouz(u1,0) = 0. Consequently, the
solution of the scalar equation ey, s, — OW/0u1(e,0) = 0 with e(£oo) = +a, extends trivially to a
solution of (1.1) by setting eg(z1) = (e(x1),0). We normalize it by taking e(0) = 0.
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(ii) |u(z) —a®| < Me=¢l®1l for 21 >0 and M, c constants.

N, 1
(i4i) limp_ o0 b

on M.

1
flac2|<R <2|Vu|2 + W(u)) dz = Enin, where Eny, is the value of E

(iv) The solution u connects a™ in the xi-direction and a pair et from M in the
xTo-direction,

: _ . E
g ulo5) = o,
: _ =*
o a1, 22) = 5(

.’El).
Remark 1.1 Due to the infinity of J mentioned above, the solution is constructed
as a limit of problems on strips of width 2R, with R — oco. The main difficulty is
showing that the limit

u(z) = lim ug(x)

R—o00

is nontrivial. The first enemy is « = 0, but this is eliminated by the estimate in (ii).
Another concern is that u could coincide with one of the connections e™ or e~. This
possibility is excluded by symmetry. This last point is considerably more involved
in Alama, Bronsard, and Gui [1], since there only the symmetry with respect to the
ug-axis is assumed. Our method of proof in broad lines follows [7].

Two related open problems are the following.
Multiplicity question. If M has k pairs of connections, then is it true that problem
(1.1) has k distinct solutions uy with
u; (1, T2) — a®, as ¥, — +oo,

ui(x1,x0) = ef(:@), as Ty — 00,
fori=1,...,k7

Diffeomorphism question Is it true that the solution constructed in this paper is a
global diffeomorphism, one-to-one, of R? onto the region on the u;—us plane bounded
by et and e~? Below we provide explicit examples of W. We note that the region
bounded by the connections is convex for certain choices of the parameters.

We conclude this introduction by giving examples of potentials W satisfying the
hypotheses (H1)—(H5).

Example 1.1 Consider the potential

2

2
-1
Wl(Z) = ;ﬁ s for0<e< o0, (16)
where z = wu; + dus, u = (uj,uz). The potential Wi has two global minima at

a* = (£1,0) and obviously has the symmetry (H2). It has been shown in [4] that
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there exist exactly three trajectories connecting —1 with 1, e5 , e, and eg, with ef , e®
reflections of each other with respect to the w;-axis and with efj lying on the wu;-
axis (see Figure 2a). Moreover, E(e%) < E(ef) for 0 < ¢ < &* = 0.4416... and
E(e5) > E(ef) for € > ¢*. In more detail, the trajectories €5 are determined by the
equation

1+¢2 (ug —€)? +u?
1 =
w2t n<(uQ—|—5)2+u%
and
1 (142 ) 1( 2(1 +¢?) )
E(ey) = — m —arctane) —e |, E(e%) = — |2+ ————F arctane | .
) =5 (FE )-¢). Bled) =

Modifying W1 near the poles +ei allows us to produce a C'*° potential W pos-
sessing the above trajectories. Clearly, the potential W satisfies the hypotheses (H1),
(H2), (H4), and (H5). For explaining the @-monotonicity of W, condition (H3), we
consider for the moment the hypothesis

Wau(u) - (u—at) >0, forue D. (H3*)

Hypothesis (H3*) corresponds to the choice Q(u) = [u—a™| and states the monotonic-
ity of W along rays emanating from a™.

For example, in the case when W is a center at the origin, (H3*) is never satisfied.
On the other hand, the existence of a convex @ which satisfies (H3) appears very
plausible for centers and saddles but it would require proof. Our theorem produces
an entire solution which appears to map the plane into the region bounded by the
two symmetric connections.

Example 1.2 Consider the potential

2 2

22 -1
, for 0 < g1 < &9 < 0, (1.7)

22 + &2

22 -1
22 42

WQ(Z) =

where z = uj + tug, u = (u1,us). The potential Wy has global minima at at =
(£1,0) and obviously satisfies (H2). Applying the theory in [4], we get that for
g1 > 0, there exist precisely five connecting orbits between a™ and a~, which we
denote by e (e1,22), €% (e1,€2), and eg(e1,£2). We denote by eg the ‘scalar’ connection
mentioned in (H4) that lies on the uj-axis, while the rest of the connections are
symmetric in pairs with respect to the reflection uy — —us (see Figure 3a) and are
determined by the equation

(e +1)? ln<€1—u2)2+u%)Jr (€%+1)2)ln<(52—uz)2+u%):O

 dey (e — £?) (ug +€1)? +u? der(eg — €2 (ug + €2)2 + u?

Uz
In addition, by applying [4], the action of each orbit can be calculated explicitly.

1 2 1 2 2 1 2
’ — w (82 + ) arctan es

Ey := E(eg) = —=|2 tane; + — 2 o
0= Hleo) o) e - )

V2
(e2+1)%x (€2 +1)2n
2e9(e5 —€7)  2e1(e5 —€7)

)




6 Nicholas D. Alikakos
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Figure 2: The figure on the left shows a computation of the trajectories e5. for the
potential Wy, for 0 < ¢ < co. We note that e5 tend to the unit circle, as € — 0,
while their envelope, as ¢ — 0o, is given by u? = u3/3 + 1. The disc-like boundary
shown in the figure corresponds to € = v/3/6 < &* = 0.4416.... The region bounded
by e%. ceases to be convex for e = v/3. On the right we show the level sets of W;(2)
for e = \/3/6 < &* =0.4416... The existence of a @ such that Q, - W, > 0in D is
geometrically plausible. (Numerical results due to G. Paschalides.)

1 (e3+1)2
Ey:=FE(el) = ‘2 — 2" "/ arctane
B = R g e
2 1 2 2 1 2
e1(e3 —e1) 2e9(e3 —€7)
1 (€3 4+ 1)? (e2 +1)2
En:=E(e}) = —= |2+ —2y 25 arct — L arct :
I (ei) \/§ ’ + 52(5% — 5?) arctan eo 51(53 — g%) arctan e

We observe that e%Uei form the boundary of a region which increases unboundedly
as €9 — 0o but approaches a limiting region as e — 0, always enclosing all poles
(0, £eyi), for k =1, 2. On the other hand, e} Ue! form the boundary of an interior
region which contains only one pair of poles and approaches limiting regions as e5 — 0

and g4 — 00.
We note that

o0, as €1 — 0,
Ey(e1,e2) — { finite limits, as 1, €2 — * #0
and also as €1 — oo or €9 — 0.

o0, as g9 —e1 — 0,

E — e e
1(e1,22) { finite limits, as €1 — 0, g9 — 0.

finite limits, as 5 — 0,

En(er,e2) = { 00, as €9 — 00.
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Q

Figure 3: The figure on the left shows a computation of the trajecto-
ries el (e1,e2),ei(e1,e2) for the potential Wa, for e; fixed and equal to

V6—1 _ 6-1
2 2

approaches a limiting shape as e3 — 0. On the right are the level sets of Wa(z) for
g1 =&} and €3 = 0(e7). (Numerical results due to G. Paschalides.)

€] = and g2 = (o(e}),+00). It can be seen that the inner region

From the previous relations, we get that

Ey > FEqp, as eg — 0 (with ;1 held constant),
E; < Eq, as eg — oo (with €1 held constant).

It then follows easily that there exists a continuous function &; — o*(e1) and £} > 0
such that

EH(c‘El,O'*(El)) = EI(€1,U*(€1)) < Eo(el,o'*(el)), (18)

for 0 < ey <ef. Thus, #m =4 and #C = 5.

The theorem applies to C*° modifications of Wy with o = 0*(£1), 0 < &1 < €}, and
produces an H2 equivariant solution, apparently not unique, which has the property
that

u(r1,x0) — €' (v1) and u(x1, —22) — €' (71), as x2 — +00,

for i = 1, 2. We expect that for the example at hand it should be possible to prove
that there exist two distinct solutions u' satisfying

gc2l_i>rrj§oo u'(z1,22) = €' (21), fori=1,2,

each mapping the plane R? diffeomorphically to the region bounded by the corre-
sponding connections.



8 Nicholas D. Alikakos

2. The constrained problem (H1)

Let
Qrp = {(z1,22) | [21] < pR, |22| < R}

and
CZ—E,MW = {(z1,22) € Qr, | nR < 21 < pR},
where R € [1,00), p € [1,+00], 1/2 < n < , and
Crun={(x1,22) € Qg | —pR < 21 < —nR}.

Finally, the domain Qg o, for p1 = oo is the strip |z2| < R. Consider the equivariant
Sobolev space

Wy (Qr,) = {u: Qr, — R | ue WH2(Qg ), u Hi-equivariant }.
We consider, for r < rg fixed, the set
Uf, ={u e Wi (Qnr,) | Ju(z) —a*[ <7, ae zeCh,,} (2.1)

and the functional

JRV#(u):/QR {;Vu|2+W(u)}dx.

e

Proposition 2.1 Let 1< R< oo, 1< pu<o0,1/2<n<pu, and r < ry fixed, where
ro as in (H1). Then, the problem

1
min/ —|Vul* + W (u) ¢ dz == min Jg , (2.2)
Qr, L2 Ug ’

Uk R
has a solution ug, € WE’Q(QR,M) for pp < 00 and up o € (Wé’Q)loc(QRpo)

Proof. For pi < oo, we fix R and ;1 and define the affine function uag : Qp, — R2,
such that

a”, for z1 € [-uR,—1],
1-— 1

Uagr(2) 1= 2£U1 a” + leaﬂ for z; € [-1,1], (2.3)
at, for z1 € [1, uR).

The function uag belongs to Ug, |, for every R > 1, 1 > 7, and satisfies the estimate
JR7M(’U/aff) < CR. (2.4)

Since W' > 0, it follows that 0 < infrre . Jru < Jr(uag) < CR, where, without loss of
generality, we assumed the middle inequality to be strict. Let {u,} be a minimizing
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sequence of Jg ,, that is, Jg ,(un) — infre . Jr,- For the sequence {u,} we have
the following estimates

1
() /Q 5|vuw|2 dz < Jg . (uag) < OR,
o (2.5)
(i4) / lun? dee < C(R, 1),
QR,}L

where in (2.5)(ii) C(R, i) denotes a constant depending on R, u. Then, there exists
a subsequence, by weak compactness, which we still denote by {u,}, such that

U, — u, weakly in Wé’Q(QR’H).

By lower semi-continuity in L%(Qg,,), it follows that

liminf/ |Vun|2dx2/ |Vul? dz (2.6)
QR,#

n—oo Qr
s

and by the compactness of the embedding Wy*(Qr.,) CC L%(Qg,) and Fatou’s
lemma, we have

lim inf W (uy,)dz > W (u) dx. (2.7)
0 JOg,, Qr.u
For handling the p = oo case, consider a family of rectangles [-m,m] x [-R, R],
m = 1,3,... First, construct a sequence minimizing J over Wl’Q(QR,OO) functions
restricted to the m = 1 rectangle. Next, consider a subsequence of the previous se-
quence restricted to the m = 2 rectangle and minimizing J over W?(Qp ) functions

restricted to the m = 2 rectangle, and so on (via ((2.6)-type of estimates).

By a diagonal argument one obtains a subsequence {u,,} which converges weakly in
Wéf (QR,00) to some wu. Utilizing the compactness of the embedding Wlf)f — L120c’
we may assume that w,, — u a.e. (at the expense of taking a further subsequence).
Now {inf Jg ,} is a decreasing sequence in p and clearly inf Jg , > inf Jg o. That
actually inf Jg ,, — inf Jg o as u — oo follows from the fact that C'*° functions with

compact support in R x [~ R, R] are dense in W?(Qg ). Therefore,

inf Jg o = liminf (;|Vum|2 + W(um)> dz

—00
H Qr,.

> / (1Vu|2 + W(u)) dz,
QR,O@ 2

where in the last inequality we utilize Fatou’s lemma. The proof is complete. a

3. The positivity property

Let V be a real Euclidean vector space, and let O(V) stand for the orthogonal group.
For every finite subgroup G of O(V) a fundamental region is defined as a set F' with
the following properties.
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1 Fisopenin V,
2 FNTF=oifld#T € G,
3V =U{TF)|T e G},

where with the overbar we denote the closure of the set. The fundamental region F
can be chosen to be convex, actually a simplex (see [11]). More generally, if X is a
subset of V', invariant under G, then a subset D is a fundamental domain if it is of
the form

D=XnNF.

If G = H3, a fundamental region is F' = {(u1,u2) | uy > 0,uz2 > 0}. For X = Qg ,,
we take as a fundamental domain the set Q}%,u =Qr,NF.

Proposition 3.1 (H2) Let ug,, for R,p € [1,00], be the minimizing function of
the constrained problem (2.2). Then, there exists uy , € Ug , with the properties

{ J(uR,) < J(urp), 5.1)
UEM(Q}%M) cF.
Proof. Set
u, ueF
o T, ue Ty (F) (3.2)
(TyTh) tu, ue TTi(F)=S(F)
T, tu, u € Ty(F).
Clearly, A maps R? into F. Also, it can be checked that
[A(wa) = Aup)| < [ua — usl, (3.3)
where | - | is the Euclidean norm.
Next, we define the operator
(Lu)(x) := Au(z), for x € Q}iw (3.4)
and extend by equivariance on Qg ,. We will show that
L:Ug, = Ug (3.5)

which means that L preserves Sobolev equivariance and the constraint.

We begin by verifying that L preserves Sobolev equivariance. By standard approxi-
mation arguments, the only source of difficulty is the possible loss of continuity along
the symmetry lines where the gluing in the definition of L takes place. We check two
cases and leave the rest to the reader.

We consider zt, Z, ~ as in Figure 4a with Tyz" = 2~ and |27 — 27| small, and
Tz = z. We would like to show that |(Lu)(z™)—(Lu)(z )] is small for |u(z)—u(z™)]|
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XA ”2?
0_'_——1’__"_
X X x
[ ) o
@ u(xr) — DL u(x)
(®)  ux") u()_c)#u(xf)

Figure 4: The points ™, Z, 7, and the corresponding u(z™), w(Z), u(xz™).

small. By equivariance, T1 (u(z)) = u(T1Z) = u(Z) and therefore, u(z) lies on the us-
axis. We assume that u(z™), u(Z), u(z™) are as in Figure 4. Then,

Lu(x

(z7) = Au(z™) = Tou(z™),

u(zt) = TiAuw(T; at) = TiAu(z™) = TiThu(z™) = ToTiu(z™) = Tou(zt),
Lu(z™) = Au(z™) = Ty Tou(z™) = ToyTiu(z™) = Tou(z™),

u(zt) = TiAuw(T; at) = ThAu(z™) = T Tou(z™) = Tou(z™),

+

~

~

consequently, continuity is verified in these cases. The verification of the constraint
is straightforward. Finally, we define

up,, = Lugp,
and verify that up , does not increase the functional J. Indeed,
W ((Lu)(z)) = W(gAu(g~"z)) = W(Au(g'z)) = W(u(g™'z))

and consequently, the term W of the functional J does not change since T; is an
isometry. On the other hand, the term *[QR |Vu|? dz does not increase by ((3.3)). O
N

Corollary 3.1 (H1, H2) There is a minimizer ug,, of the constrained problem that
satisfies -
uR,[L<QlR“u,) CF. (3.6)

Next, we need an a priori bound.
Lemma 3.1 There is an M > 0, independent of R, u, n, such that
lur,u(x)] < M, forxz € Qp,.
Proof. For the convex set Cy introduced in (H1), we consider the mapping A : R? —

COv
Pu, if u¢ Cy,
Au =

(3.7)
u, if weCCy,
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where Pu is the projection of u on 9Cy. By (H1), W (Au) < W (). Also, the mapping
A is nonexpansive in the Euclidean norm. We set (Lu)(x) := Au(z) and notice that
L preserves equivariance, honors the constraint, and reduces Jg . It follows that the
minimizer ug,, of the constrained problem takes values in Cy. Thus (3.7) holds. O

4. Local estimates

Given u : z € R? — R?, we write u(z) — a® in polar form,
- =
) = o = [ul) = * D= = (@) o),

with p* : 2 € R? 5 R, and n* : 2 € R? = S'. So, if u € Uk, ,.» we have

u(z) = at + pT(z)n" (z), with p*(z) <r, forz € C'E’Hm,

R Wenotice that the polar form is well defined for p(z) # 0.
For u € W,2, it follows that p, n € W\ and moreover, |Vu|? = |Vp|2 + p?|Vn|?.

loc ?
On the other hand, on the set {u = a}, we have |Vu| = 0 a.e. Therefore, for any

measurable set S, we have

and similarly for x € C

[Iwapdae= [ {90 + @) Tnle) )
s Sn{p>0}

Lemma 4.1 (H1) Suppose ug, is a minimizer of the constrained problem (2.2).
Then, the following estimate holds

cosh(c(Ry — x1))

+ +
, a.e.xceC , 4.1
pR,u<x) xr COSh(C(/J _ n)R) a.e. x R,p,m ( )
where ¢ as in (H1), with an analogous estimate for x € CE,W?. Here, 1 < R < o0,
1<pu<oo, and 1/2 <n < u, forr <rgy, n, ro fized.
Proof. Suppose that
Aw — 2w >0,
(4.2)
Bw <0,

weakly in the space W#Q (eFs

R’um)’ the latter defined as the completion in the W12
norm of the space

{f €C=(CF,.) "W (CF,.,) | £7 =0 on {ay = nR} ],

where
on r1 = Nk,

s (:: aC-Rt,p‘,n \ {1171 = UR}),

Bw :=

w,
ow
%7 on 8ché_7
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and (4.2) is meant in the sense

/C {VwVe + Pwe} dx <0, (4.3)

R,p,m

for w, ¢ € VV%&’Z(C"|r

R n)’ with ¢ > 0 a.e. Then, we claim that

w <0, ae. in CF, (4.4)

U

To prove the claim, by density we can take ¢ := w™ in (4.3) and so we can conclude
that

0> / {VwVw++c2ww+}dx:/ {IVw* P + Plwt P} dz =0,
c+ +

Rousm Ropum
thus, wt =0 in C’E,“,n. Next we will show that
Apr, > pruc® weakly in W1’2(C§’Mm). (4.5)
For showing (4.5), we consider u.(z) = ug,, () +ep(x)n(x), with p(z) <0 in C’E%n,
pE CgO(CE%n). We notice that |us(z) —a®| = |pr,(x) +ep(z)] < rin Cﬁ,u,n‘ Then,
dig EZOJ(uE) >0 < dig - /QR%W {;|Vu52 + W(ug)} dz >0
& {VpR#Vﬁ + pR7Mﬁ|Vn(x)|2 + ﬁWu(uR7M)n(x)} dz > 0,

CR,um

from which it follows that
/C {VoruVp+ pWy(ur,u)n(z)} de > 0.
R.u
Utilizing (H1), we obtain
/ {VpruVp+ ppr,}de >0,
CRr,u

and therefore (4.5) has been established.

Next we will show that pr , < r a.e. in the interior of Cg, , , from which it will follow,
up to a modification on a null set, that ug , is a classical solution of

Aug,, — Wy(ug,,) =0, in the interior of Cr - (4.6)

Suppose now for the sake of contradiction that pr , = r on a set A of positive measure.
However, this is in conflict with Apg ,, > ¢?pg,, in WH2(Cpg,,) since Vpr,, = 0 a.e.

on this set A. Therefore, pgr ,(z) < r a.e. in C;gﬂ , as required.
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In the following we show that

apR,n
on

where A, B are the corners. For z* in a subset of points d.Cr,, \ {4, B} such that
pru(x*) < r a.e. on it, the natural boundary conditions hold classically and so (4.7)
is valid. Therefore, the case of interest is when pg ,(z*) = r. We notice that in
the interior of Cr , ,, (4.6) is satisfied classically and that ug , is regular. From the
bound |ug ,| < constant, which holds uniformly in the interior of Cg , ,,, we obtain by
elliptic regularity that |Vpg ,| < constant on the boundary with a similar estimate on
the second-order derivatives. Consequently, pr () is continuous at * and the outer
normal derivative dpg ,,/On exists at z*. We know that Apr, > c*pp,, classically
in the interior of C'r , and by the preceding argument, pgr,, is continuous at z = z*
and Opg,,./On(z*) exists. Applying the Hopf lemma, we obtain

=0on 6LOR,,LL,77 \ {A, B}, (47)

8PR,;L *
“on () > 0. (4.8)

We now set u.(x) = ug,, +ep(x)n, p < 0 smooth with supp(p) € B(z*;9) N Cr, .y,
0 <d < 1. Then, u. € U, , and

1 8pR R
—|Vue|* + W (ue }dx:/ U5 dS, 4.9
o {2| 24 W(u) o (4.9)

from (4.6), which however is in contradiction to (4.8). Therefore, pg ,(z*) = r cannot
possibly hold and so (4.7) is valid.

To conclude, we set

d
<
O*de

cosh(c(Rpy — 1))
cosh(c(p —n)R)
We will show that v satisfies (4.2). By the preceding argument, it follows that Av —

c?v > 0 classically in the interior of Cg’ un- LThus, given ¢ as in the definition of (4.5),
we have

o< [
c

U= pﬁu(x) —r

s gote= [
E“{ v cv}qﬁx ot

= /+ {~-VoVe — Pvg} da,
c

R,

{—Vvng— 02¢} d:z:—!—/ @qi)dS
) )

LCR,#-,W an

from (4.7). Finally, we note that the points A, B are negligible in the boundary
integral since |Vv| < constant, up to the boundary. The proof of lemma is complete.
O

Taking p — oo in Lemma 4.1, we obtain
Corollary 4.1 (H1) For u = oo, the minimizer ug satisfies the estimate

pj%(x) < re_c(g”_”R)7 for 1 > nR.



On an elliptic system with symmetric potential 15

%, % cese % %, X nR X

Figure 5:

5. Global estimates (H1, H2, H3)

Theorem 5.1 (H1, H2, H3) Suppose r < ro and p = 0o as in the definition of the
constrained problem in Section 2. We denote the minimizer by ug and the domain by
Qpr respectively, and assume that it possesses the property in Corollary 3.1, that is,
UR 1S positive.

Then, there exists Ry > 0, such that for x € Qg the estimate

lur(z) —at| < Me=¢l®1l for z; > 0, R > Ry, (5.1)
holds, where M is a constant depending on the set Cy in (H2).
Proof. Step 1. We begin by noting that by Lemma 3.1, we may assume that ug(z) €
Co.

Step 2. Suppose Q(u) a C? convex function as in (H3). We can check easily that the
following holds true

AQ(u(x)) = tr {(9*Q)(Vu)(Vu) " } + Qu(u(x)) - Au(z) > Qu(u(2)) - Au(z). (5.2)

Step 3. Let ur be the minimizer. Then,

Q(ur(x)) < Az1 + B =:U(z1,nR), for x1 € [0,nR], z = (21, x2), (5.3)
where A = (r— B)/nR, B a bound, and Q(ur(z)) < B, for x € Qp, provided by Step
1

T.o prove (5.3), from (5.2) in Qr N {0 < 21 < nR}, we have
AQ(ur(x)) = Qu(ur(x)) - Wu(ur(z)) =0

by (5.2), (3.6), (H3). Then, (5.3) follows by the maximum principle.

We shall denote by U(z;;60) the function ((r — B)/8)zy + B. Then, Q(ugr(z)) <
U(z1;nR), for 0 < 27 <nR =: T},. Next, we consider the equation

U(z1;nR) = ro. (5.4)
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which has the unique solution

B - B—
"R =6nR = 0nR, withd = —— 2 0 < § < 1.
B—r B—r

To =

By the definition of @, p} < rg, To < x1 from which we obtain, via Lemma 4.1, for
To in the place of nR,

ph(z) < roe @1 0) = poo (215 Z), for To < x. (5.5)

Now we continue the iteration. Let Z) be the solution to roo(x1;Zo) = r. As before,
we have Q(ur(z)) < U(z1;7}), for 21 € [0,7], and therefore p}(z) < ro, for 1 €
[Z1, uR], where Z; the solution to U(z1; &) = 9. Consequently, we have the estimate

P}E(I) <rgo(x1;Z1), for 71 < a1 < uR.

We denote the solution to roo(z1;Z1) = r by T and keep going, thus generating two
sequences {Z;}, {Z}}, fori =1,2,...

The iteration is terminated if for some i, the slope of the line U(x1;Z;), which is
(r — B)/Z,, gets equal or less than —crg, the lower bound of the slope of roo(z1;Z;)
at the point Z,;. Consequently, since Z; is decreasing as i — oo and

d

—_— <ec
dxl -

)

o(x1;Z;)

z;
we may let ¢ — co. The iteration is terminated independently of R and at a distance

) B—r
lim 7, =
i—r00 cro

=: 4"

from the line 1 = 0. Moreover, we have

ph(x) < roo(ar; im ;) and  lim #; < 2y,
i—00 i—00

from which it follows that pf(z) < r, for 21 > 6* and z1. Thus,
ph(x) < ree @R for 5% < .

Note that
In(r/2ro) 5= B—rg 5 — B-—r

s’ B—r’ cro

Ry =
The proof is complete. O

6. Proof of Theorem 1.1 (H1, H2, H3, H4, H5)

In this section we will work with the infinite strip, which we denote by Qg. The
constrained problem in Section 2 provides a minimizer ug which may be assumed to
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possess the positivity property by Corollary 3.1. Moreover, up satisfies the uniform
exponential bound (5.1). By standard local estimates, the following limit exists.

u(z) = lim w,, (2). (6.1)

R, —0c0

From (5.1) we obtain
lu(z) —a*| < Me~¢1l for 2y > 0.

Parts (i) and (ii) of Theorem 1.1 have been established.
Step 1. (Upper Bound)

Jap () < C+ 2REwyn, (6.2)
where )
Jagp(v) = / {|VU|2 + W(v)} dz.
Qr 2
First we establish
JQR (uR) < C+2RFEn. (63)
For this purpose consider the comparison map
et (21), for zp > 1,
1 1-
(w1, x2) = ( 4—2332) ey(z) + ( 2332) e_(x1), for |zo| <1,
e_(x1), for o < —1.

Note that u is positive, equivariant, and satisfies the pointwise constraint in Proposi-
tion 2.1. Consequently

JQR(UR) < JQR(ﬂ) < C+2RFE iy (6.4)

Next fix R, choose R’ > R, otherwise arbitrary, and notice that

Jog ) = Jog(u) + [ {;wmz " W(um} . (65)

R<|zz| <R’

Set o
Vz2 (wl) = UR/($1,$2),

and notice that by the exponential estimate (5.1) and the variational characterization
of ey [5, Th. 3.7] we have the estimate

E(VEY) > B(ex) = Emin. (6.6)

1
// {V’U,R/|2+W(UR/)}d$1dIL‘2
R<|z2<R’ 2

> / E(VE)dzy > 2Emin(R — R). (6.7)
R<|z2|<R!

Hence
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On the other hand
JQ/R (UR/) <C+ 2EminR/o (68)

Thus by (6.5) we obtain
C+ 2R/E‘min > JQR(UR’ + Z(R/ - R)Emina

from which we obtain
C+2RFE iy > JQR(UR/), for R’ > R. (69)

Taking R’ — oo, we obtain (6.2).

Step 2. (Lower Bound)
Jan, (1) > 2RE ;. (6.10)

To see this, first notice that by (6.6)
/ E(VEY)dzs > Emin(2R), for R > R,
[z2|<R
that is,
1
// {2|VUR/|2+W(UR/)}d.Z‘1dLL'2 Z Emin(QR). (611)
|z2|<R

By utilizing the exponential estimate (5.1) and elliptic estimates (on the gradient)
one can apply the dominated convergence theorem and obtain

1
lim // {|VUR/|2+W(UR/)}d:c1dz2
R'—o0 |za| <R 2

= // {;|Vu|2 + W(u)} dzidzs.
|z2|<R

Thus, by (6.11) we obtain (6.10).
Combining Step 1. and Step 2. above we obtain part (iii) of Theorem 1.1. Notice
that (H4) has not been invoked so far.

Step 8.
// %zdxdx < 0 (6.12)
- 81'2 1 2 ) .
from [1, (5.9)].
First we establish )
/ Qur |4y < (6.13)
Qr | OF2

from which (6.12) follows immediately, since for a given compact set K C Qp, it
follows that [, |ugr/dx2*dz < C, for C independent of R and K.
Note that

(6.2) 1 8UR
C+2EninE > J, = -~ =E
+ fr (UR) /QR 2 81'2

2/ 1 8uR
QRQ 8332

2
dr + / E(V])dz,
lz2|<R

2
de + / Eunin s,
|z2|<R
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and by the exponential estimate and the variational characterization of the elements
of M in [5], the last quantity equals

/ L |Our
QRQ al’g

Step 4. From (6.12) we obtain that given any sequence =3 — +oo, there is a
subsequence x4’ such that

2
dz + 2REwin,

hence (6.13) follows.

u(zy, 2y’ — 0(x1), (6.14)
where )

0°0

— — W,(0) =0. 1

o2 W.(0)=0 (6.15)

This is via standard elliptic estimates (see [1, Lemma 5.2]).
The exponential estimate for u(zq, z2) implies that

0(400) = a*, (6.16)

that is, 6 is a connection.

We will establish that the limit as x93 — oo exists in (6.14) and that § € M, that
is, a minimizing connection.

We first observe that at least along a sequence z§ — 0o,

u(-,xy) — M.
Indeed, if not, then
‘hH‘l inf E(u(, 152)) > Fin, (617)
To|—00

by the finiteness of C \ M, but this is in conflict with the Upper Bound (6.2).
Finally we will show arguing by contradiction that it is not possible to have two
sequences z5' and 52, tending to oo, such that

{ u(zy,25) — 04(x1),

(6.18)
u(xla xTZLQ) - 03(1,1)7
where 84 € M, 68 € C, 94 # 05.
To continue, we need a few observations on the set of connections C. By symmetry,
we have 61(0) = 0, 02(0) = 0. By positivity, we have 61(0) > 0. By the equipartition
(first integral), we have

S0 = (o). (6.19)

Evaluating (6.19) at z; = 0, we see that 62(0) is determined by (6;(0),62(0)), and

since 6;(0) > 0, it is determined completely by ¢ = 65(0). In conclusion, the set of
relevant connections in (6.18) is an one-parameter family determined by 62(0). It

follows that
03'(0) # 65 (0). (6.20)
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By hypothesis, C is discrete. Therefore, we can choose ¢ such that,

02(0) < ¢ < 62(0),

which does not correspond to any of the connections in C. Now, from (6.18), u2(0,25') —
051(0) and us (0, 25%) — 68(0). Therefore, by continuity there exists z5* — 400 such
that u2(0,25°) = ¢. By (6.14), there is a subsequence of {z5°}, say z5* — 400, such
that u(xy,25*) — 0(x1). Therefore, us(0,z5*) — 02(0) = ¢, which is a contradiction.
Thus, we established that (6.18) is not possible.

In conclusion we established that

u(xy,x2) — O(xq1), for 6 € M. (6.21)

The proof of Theorem 1.1 is complete.
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